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Preliminaries Fractional Brownian motion

Let (2, F, P) be a complete probability space.

Definition

The fractional Brownian motion (fBm) with Hurst index H € (0,1) is a
centered Gaussian process B = {B!’ t > 0} with stationary increments
and the covariance function

1
EBI B = 5(#” + 520 |t — s2H).
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Preliminaries Fractional Brownian motion

Let (2, F, P) be a complete probability space.

Definition

The fractional Brownian motion (fBm) with Hurst index H € (0,1) is a
centered Gaussian process B = {B!’ t > 0} with stationary increments
and the covariance function

1
- t2H +S2H _ |t _ 5‘2H).

Esl'6!’ — 3

Remark
Since E(BH — BI)?2 = |t — s|?H and B is a Gaussian process, it has a
continuous modification, according to the Kolmogorov theorem.
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Preliminaries Multifractional Brownian motion

Let H: [0, +00) — (%, 1) be a function which satisfies Holder condition:
there exist C; > 0 and v > % such that for all t1, &, € [0, +00)

|Hy — Hp| < Gt — o]

Let Hnin := min {7, minte[O’T] Ht}.
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Preliminaries Multifractional Brownian motion

o Moving average mBm: Y; = Bg"’f, where

0
1 _1 1
= g L e
+ [(t—s)T2dw },
/
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Preliminaries Multifractional Brownian motion

o Moving average mBm: Y; = Bf’f, where

0
1 1 1
o= e e

e Volterra-type mBm: Y; = Bth, where
t
BH — /KH(t, ) dW;, t>0,
0

t

Kiu(t,s) = Cust ™ [(v = )" 3uH-H ay,

1
. H(2H-1) 2
o= (i)
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Preliminaries Multifractional Brownian motion

e Harmonizable mBm
Let W(-) be a comlex-valued random measure on R such that
1) for all A, B € B(R)

EW(AYW(B) = A(AN B),

where )\ is Lebesgue measure,
2) for any sequence {A1, Ay, ...} C B(R) such that A;NA; =0, i # J,
{W(A;),i > 1} are centered and normal,

W(U A,-) => W(A

i>1 i>1

3) for all A€ B(R) W(A) = W(-A),
4) forall @ e R

{eW(A),A e BR)} < {W(A),Ac BR)}.

Harmonizable mBm is defined as Y; = BH‘ where
ltx 1
BH = / —— W(dx).
x|2
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Preliminaries Multifractional Brownian motion

We consider generalizations of fBm of the form Y; = B/, where
{Bﬁ, tel0, T],H e (%, 1)} is a set of random variables such that

(i) for each H € (3,1) {Bl,t [0, T]} is fBm with Hurst parameter

(i) forall t € [0, T], Hi, Ho € (%,1)

2
E(Bf" - B") < G(Hi — )
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Preliminaries Multifractional Brownian motion

We consider generalizations of fBm of the form Y; = B/, where
{Bﬁ, tel0, T],H e (%, 1)} is a set of random variables such that

(i) for each H € (3,1) {Bl,t [0, T]} is fBm with Hurst parameter

(i) forall t € [0, T], Hi, Ho € (%,1)
2
E (BtH1 - 55’2) < G(Hr — Hp).
Remark

The process Y; = Bf’* has a continuous modification, according to the
Kolmogorov theorem.
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Preliminaries Fractional Besov type spaces

Letfor0 < g <1

If t)

and W(’,B = WOﬂ[O, T] be the space of measurable functions f: [0, T] — R
with

Ifllos = sup_ @f(t) < co.
te[0,T]
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Preliminaries Fractional Besov type spaces

Letfor0 < g <1
|f t)

and WOB = Wf[O, T] be the space of measurable functions f: [0, T] — R
with

Ifllos = sup_ @f(t) < co.
te[0,T]

Also let W’ = W{[0, T] be the space of functions f: [0, T] — R with

(1) /rf
f = su du
I 0<5<5<T< e
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Approximation of mBm by absolutely continuous processes

9 Approximation of mBm by absolutely continuous processes
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Approximation of mBm by absolutely continuous processes

Let us consider such an approximation:

t+¢:(e) #t(e)

1
BHt,a — / BSHS ds = / Blll'lu+t u,
t ¢t(€) —+t

t
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Approximation of mBm by absolutely continuous processes

Let us consider such an approximation:

1 t+¢:(e) #t(e)
BHt,a — / BSHS ds = Lll'lu+t u,
t ¢t(€) : —+t

where ¢¢(g) = ¢(t,e): [0, T] x Ry — Ry is a set of measurable functions
such that
Q supycpo, 7] 91(€) = 0, € — 0+;
@ forall t,s € [0, T] and for all ¢ > 0
¢s(e) — e(e) Hini
—— | < Gt —s| ™" 1
e <Gl @

(3 is a constant which does not depend on ¢.
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Approximation of mBm by absolutely continuous processes

Let us consider such an approximation:

t+oe(e) e(e)

1 1
BHt,& — / BSHS ds = / Blll'lu+t du,
' e(e) e (e) 5 o

t
where ¢¢(g) = ¢(t,e): [0, T] x Ry — Ry is a set of measurable functions
such that
Q supycpo, 7] 91(€) = 0, € — 0+;
@ forall t,s € [0, T] and for all ¢ > 0
‘%@—@@)
s(e)

< Gt — s, (1)

(3 is a constant which does not depend on ¢.

For example, one can consider functions of the form ¢:(c) = v (t)e, where
(t) satisfies the following conditions:

1) ¥(t) >c >0,
2) |W(t) —y(s)| < Clt— S|Hm;n_
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Approximation of mBm by absolutely continuous processes

Theorem

For any (3 € (0, Hmin) one has the convergence in Besov space W{G

HB”@- B”Hlﬁ Po  e—0+.
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Approximation of mBm by absolutely continuous processes
Corollary
Let {BtH, t €0, T]} be fBm with Hurst parameter H € (%, 1), functions
¢+(e) satisfy conditions:
1) supscpo, 1) ¢¢(€) — 0, &€ — 0+;
2) for all t,s € [0, T] and for all ¢ > 0

Ps(e) — ¢e(e) H
< G|t—s|".
‘ ooy | =G
Then for approximations
1 t+o¢(e)
B = / B! ds
‘ Pe(e) ?

one has the convergence

10, e — 0+
B

‘BH,s . BH‘
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Pathwise SDEs with mBm

Consider the SDE with mBm:
t t
X, = Xo +/b(s,Xs) ds + /a(s,xs) dBf, telo, T].
0 0

The stochastic integral here is understood in the pathwise sense.

Kostiantyn Ralchenko (Kiev University) Absolute continuous approximations for mBm 21 October 2010 15 / 31



Pathwise SDEs with mBm

Consider the SDE with mBm:

t t
X, = Xo +/b(s, X,) ds + /a(s,xs) dBfs. telo,T]
0 0

The stochastic integral here is understood in the pathwise sense.
We construct approximations for the solution of this equation as solutions
of

t t
X: :Xo+/b(s,Xﬁ)ds—k/a(s,XSE)stHS’E, t o, T].
0 0
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Pathwise SDEs with mBm Existence and uniqueness

l. o(t, x) is differentiable in x, and there exist some constants
1 — Hpin < <1 and —_ —1<§ <1, and for every N > 0 there exists
Mp > 0 such that the foIIowmg properties hold:

(i) Vx e R, Vt € [0, T]
|O‘(t,X) _G(tvy)| < Mo |x —yl;

(i) Vx|, |yl < N, Vt e [0, T]
8 5
—Utx (ty)SMN’X_H?
(i) Vx e R, Vt,s € [0, T]

lo(t, x) — o(s, x)| + ’ia(t,x) - aaxa(s,x)

< Mo’t—s‘%
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Pathwise SDEs with mBm Existence and uniqueness

Il. There exists by € L?(0, T), where p > 2, and for every N > 0 there
exists Ly > 0 such that the following properties hold:

(iv) Vx|, |yl < N, Yt € [0, T]
|b(t, x) — b(t, y)| < Ly [x = y[;
(v) Vx e R, Vt € [0, T]

[b(t, x)| < Lolx| + bo(t).
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Pathwise SDEs with mBm Existence and uniqueness

Let
_ -{1 5}
ag = min 2,%,1 50

Theorem

Suppose that o € (1 — Hmin, ), Xo is a random variable, the coefficients
o(t,x) and b(t, x) satisfy assumptions (i)—(v) with p > 1/«. Then there
exists a unique solution {X;, t € [0, T]} of the equation

t t
X, = Xo —|—/b(s,Xs) ds + /a(s,xs) a8, telo, T,
0 0

X € L%Q, F,P, W§[0, T]), with trajectories from C'=%[0, T] a.s.
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Pathwise SDEs with mBm Approximation

Theorem

Suppose that a € (1 — Hmin, o), Xo is a random variable, the coefficients
o(t,x) and b(t, x) satisfy assumptions (i)—(v) with p > 1/«.

Then one has the uniform convergence in probability

sup | Xy — X{| P, e — 0+.
tel0,T]
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Multiparameter mBm Preliminaries

Let T = (T1, T2) € (0,00)%, [0, T] = [0, T1] x [0, T2].
Let s,t € [0, T], s = (s1,%2), t = (t1,t2), F: [0, T] = R.

Asf(t) = f(Sl,SQ) — f(Sl, t2) — f(tl, 52) + f(tl, t2)
ft_(S) = f(51,52) — f(Sl, 1.'2—) — f(tl—,Sz) + f(tl—, t2—)

t

s<t& {Sl <h

Sy < o

<

s<t& {51 =h
<t
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Multiparameter mBm Preliminaries

Let Wflﬁ? = Wfflﬂ?([o, T]) be a space of measurable functions
f:]0, T] — R with

[Asf(t)]

f = sup
171,615 o<s<t<T | (t1 — 51)1(t2 — )%

f'
/t b))~ fi(3)]
(tr — )P (u— s)+5
f; — 1
/t 517 t— (S)’ dV
t1 —51 V—52 1+,62

|Asf(r)]
dr
* / (n —s1)1H51(ry — ) 1152 =

[s:1]
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Multiparameter mBm Main result

Let {B:,t € [0, T]} be a random field which satisfy the following
conditions

1) By is Gaussian field;
2) there exists constants C > 0 and A > 1 such that for all s,t € [0, T]

E(AsB:)? < C(Its — s1] |2 — =2|)™;

3) the trajectories of B; are continuous with probability one.

Kostiantyn Ralchenko (Kiev University) Absolute continuous approximations for mBm 21 October 2010 23 /31



Multiparameter mBm Main result

We consider the following approximation for B;:

1 t1+¢€ tr4e€
,f:?/ /Bsds— /Bmds
[ [0,€]2

Theorem
For all 31,32 € (0,/2)

16— Blligg — 0 0+
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Multiparameter mBm Fractional Brownian sheet

Definition

A random field {Bf’,t € R2} is called a fractional Brownian field with
Hurst index H = (Hy, Ho) € (0,1)?, if

1) Bl is a Gaussian field such that Bf =0, t € ORZ,

2) BB} = 0. EBY'BY = T1 (85 + 525 — | — si[™),
=

)
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Multiparameter mBm Fractional Brownian sheet

Definition

A random field {Bf’,t € R2} is called a fractional Brownian field with
Hurst index H = (Hy, Ho) € (0,1)?, if

1) Bl is a Gaussian field such that Bf =0, t € ORZ,

2) EBY =0, EBYBY = § T1 (£ + 7" |t —s™),
=1,

The increments of fBf satisfy the following equality

2
E (ASBtH) = ‘1.'1 —51|2H1 |t2 — 52’2H2 .
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Multiparameter mBm Fractional Brownian sheet

Corollary

For 31, B2 € (0, H1 A Hy) the following convergence holds:

P
HBH’E—BHH — 0, e — 0+,
17617/62
where
1 ti+e ta+e
H,e
BHe — = / / BH ds.
2 S
3
t1 tr
V.
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Multiparameter mBm Multifractional Brownian sheet

Let H(t) = (Hi(t), Ha(t)): [0, T] — (1/2,1)? be a continuous function
such that
- in H;(t) < H;(t 1.
2 <M<t§[3?T] ( )_tg[](?,)%] (t) <v<
Suppose that for all ¢t,s € [0, T]
(H1) [Hi(t) = Hi(s)| < a1 ([ts — s1|” + [t2 — s2/"),

(H2) [AsHi(t)| < 2 ([t1 — 51| [t2 — s2])".
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Multiparameter mBm Multifractional Brownian sheet

Let H(t) = (Hi(t), Ha2(t)): [0, T] — (1/2,1)? be a continuous function
such that
— < pu< min_ Hi(t) < max H(t)<v <1l

2 t€[0,T] t€[0,T]
Suppose that for all ¢t,s € [0, T]
(H1) [Hi(t) = Hi(s)| < a1 ([ts — s1|” + [t2 — s2/"),
(H2) [AsH;(t)] < 2 (|ts — s1] [t2 — 2[)”.

Definition ([Meerschaert, Wu, and Xiao (2008)])

Multifractional Brownian sheet with Hurst index H(t) is defined as follows

Bf(t) = H {(ti - Ui)ljr"‘(t)il/2 - (—Ui)ii(t)il/z} W, telo, 7l
R2 =12

where s, = max {s,0}, W = {W, s € R?} is a Wiener field.

Kostiantyn Ralchenko (Kiev University) Absolute continuous approximations for mBm 21 October 2010 27 /31



Multiparameter mBm Multifractional Brownian sheet

Theorem

H(t . e
B, ) has a continuous modification.
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Multiparameter mBm Multifractional Brownian sheet

Theorem

H(t . e
B, ) has a continuous modification.

Theorem

There exists C > 0 such that for all s, t € [0, T]

E(AsY:)? < C(ts — 1] [t2 — s2])
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Multiparameter mBm Multifractional Brownian sheet

Theorem

For any (1, 32 € (0, ;u) one has the convergence in Besov space Wlﬂl’ﬂ2

HB:I(t)ya . H(t)H s _) 0, e — 0+,

where
t1+e tr+e

B:’(t / / BH(S
5] %)
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