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Introduction

The present Part IV of Differential Geometry over General Base Fields and Rings is
completely independent of the other parts and contains all purely algebraic complements to
the main text. We treat two topics which are closely related to each other:

(1) We introduce the concept of a multilinear space (over a commutative base ring K); this is
the algebraic model for the fibers of higher order tangent bundles T*M over the base M
or, slightly more general, for the fibers of T*F, where F is a vector bundle over M .

(2) We introduce polynomial groups; these are essentially formal groups (in the power-series
approach, cf. [Haz78]) whose power series are finite, i.e. polynomial. Following the general
pattern of the theory of formal groups (or analytic Lie groups), we develop some basic “Lie
theory” for such groups.

The link between (1) and (2) comes from the fact that the transition functions of bundles like
TF over M are not linear but multilinear (Part II, Chapter 15), and they belong to a group
which can be defined in a purely algebraic way, called the general multilinear group. Now, it
turns out that this group is a polynomial group, and hence we can apply Lie theory in a purely
algebraic set-up. Conversely, much of the structure of a multilinear space is encoded in the
general multilinear group. We now describe the concepts (1) and (2) in some more detail.

1. Multilinear spaces. The ingredients of the purely algebraic setting are: a family (Vy)aer,
of K-modules (called a cube of K-modules), where I} is the lattice of all subsets of the finite
set Ny = {1,...,k} (k € N), the total space E := @yecr1,Va on which the general multilinear
group Gm(E) acts in a non-linear way (essentially, by multilinear maps in the components V,
of E). We say that a structure on E is intrinsic if it is invariant under the action of the general
multilinear group. There is no intrinsic linear structure on E, but the collection of all linear
structures obtained by pushing around the initial linear structure on &,V,, is an intrinsic object.
Thus a multilinear space is not a K-module but rather a collection of many different K-module
structures on a given set — this point of view is already present in [Be02] and [Be04]. In case
k = 2, the theory is particularly simple, and therefore we first give an independent treatment of
bilinear spaces (Chapter BA): in this case, one can easily give explicit formulae for the various
K-module structures (Section BA.1), thanks to the fact that in this case (and only in this case)
the general linear group is abelian. The algebraically trained reader may start directly by reading
Chapter MA. In the case of general k > 2, one should think of Gm(E) as a nilpotent Lie group
(cf. Chapter PG).

We say that a multilinear space is of tangent type if all K-modules V,, are canonically
isomorphic to some fixed space V and hence are canonically isomorphic among each other — the
terminology is motivated by the fact that the fibers of higher order tangent bundle T*M have
this property. The structure of the fibers (T* F'), for a general vector bundle F over M is slightly
more complicated: some of the V, are canonically isomorphic to T, M , others to the fiber F;
then we say that the multilinear space is of (general) bundle type. In both cases, the symmetric
group XY, acts on the total space E, where the action is induced by the canonical action of ¥} on
the set Nj (resp. on the first k elements of Ny ). This action is “horizontal” in the sense that
it preserves the cardinality of subsets of Nj . There is also another class of symmetry operators
acting rather “diagonally” on the lattice of subsets of Ny and called shift operators. Invariance
properties under these two kinds of operators and their interplay are investigated in Chapter SA.

Finally, let us say some words on the relation of our concepts with tensor products. By their
universal property, tensor products transform multilinear algebra into linear algebra. In a way,
our concept has the same purpose, but, whereas the tensor product produces a new underlying
set in order to reduce everything to one linear structure, we work with one underlying set and
produce a new supply of linear structures. Thus, in principle, it is possible to reduce our set-up
into the linear algebra of one linear structure by introducing some big tensor product space in a
functorial way such that the action of the general multilinear group becomes linear — we made
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some effort to provide the necessary formulas by introducing a suitable “matrix calculus” for
Gm(E). However, the definition of the “big” tensor space is combinatorially rather complicated
and destroys the “geometric flavor” of the non-linear picture; instead of simplifying the theory, it
causes unnecessary problems. This becomes clearly visible if the reader compares our non-linear
picture with the concept of an osculating bundle of a vector bundle introduced by F.W. Pohl in
[P62]: with great technical effort, he constructs a linear bundle which corresponds to T*F in the
same way as the big tensor space corresponds to a multilinear space, and finally admits (loc. cit.
p- 180): “In spite of several attempts, we have not been able to reduce even the [construction of
the first osculating bundle] to something familiar.”

Another advantage of our concept is that it behaves nicely with respect to topology: since
we do not change the underlying set E, we have no problem in defining a suitable topology on
FE if K is a topological ring and the V,, are topological K-modules. For tensor products, the
situation is much worse: in general, topological tensor products of topological K-modules have
very bad properties which make them practically useless (general topological tensor products are
not even associative, even over K = R, see [G103]).

2. Polynomial groups. The general multilinear group Gm(FE) is a special instance of a
polynomial group: it is at the same a group and a K-module such that the group multiplication
is polynomial, and there is a common bound on the degree of all iterated product maps. One
should think of a polynomial group as a nilpotent Lie group together with some global chart in
which the group operations are polynomial. To such groups we may apply all results on formal
(power series) groups (see, e.g., [D73], [Haz78] or [Se65]), but since we are in a polynomial setting,
everything converges globally, and thus our results having a direct and not merely “formal”
intepretation in terms of mappings. In particular, following the general pattern of Lie theory
for formal or analytic groups, we associate a Lie algebra to a polynomial group and define (in
characteristic zero) an exponential map and a logarithm (Theorem PG.6). Our proof of Theorem
PG.6 is much more elementary and closer to “usual” analysis on Lie groups than the proofs given
for general formal groups in [Bou72] or [Se65], and this is all the more interesting because the
polynomial theory in a sense already contains the general theory — every general Lie group G
can be analyzed via the sequence of its polynomial tangent groups (T*G)., k € N (see Part III
of this work). The basic lines of the theory of polynomial groups are described in Chapter PG;
although the contents appears to be rather classical in nature, we have not been able to find
appropriate references in the literature and therefore decided to add this chapter here.

Notation. K denotes a commutative base ring with unit 1. Notation concerning set-
theory and partitions is introduced in Sections MA.1, MA.3 and MA 4.
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BA. Bilinear algebra

BA.1. Bilinearly related structures. Assume Vi, V5, V3 are three K-modules together with a
bilinear map b : V43 x Vo, —» V3. We let £ := V; x V5 x V3. Then there is a structure of a
K-module on E, depending on b, and given by

(u,v,w) +p (v, 0, w') == (u+u', v+ 0w+ w + bu,v") + bu',v)),

o (u, v, w) == (Au, v, dw + A(A — 1)b(u, v)). (BA.1)

One may either check directly the axioms of a K-module, or use the following observation: the
map
fh:E—=E, (u,v,w)w— (u,v,w+ blu,v)) (BA.2)

is a bijection whose inverse is given by f, ' (u,v,z) = (u,v,2 —b(u,v)). In fact, it is immediately
seen that
foofe= fove, Jo=1dg,

i.e. the additive group Bil(V; x V4, V3) of bilinear maps from V; x V2 to V3 acts on E. This
action is not linear, and a straighforward calculation shows that the linear structure

Lb = (EJ +b, 'b) (BA3)
is simply the push-forward of the original structure (corresponding to b = 0) via fp, i.e.

Nz = fo(A (@), ey = (@) + £ W),

where 4+ means +q. We call two linear structures L°, L¢ with b,c¢ € Bil(V; x V5, V3) bilinearly
related, and we denote by brs(Vi,V3;V3) the space of all K-module structures on E that are
bilinearly related to the original structure. From Formula (BA.1) we get the following expressions
for the negative, the difference and the barycenters with respect to L°:

—p(u,v,w) = (—u, —v, —w + 2b(u, v)),
(u,v,w) —p (', 0", w') = (u—u',v—v',w—w+
2b(u',v") — b(u,v') — b(u',v)), (BA.4)
(1 —-r)p(z,y,2) +orp(z’,v,2) = (A =r)z+rz’,(1 =)y + 17,
(1—r)z+r2 +r(r Dbz -2,y —19y")).
Translations and Dilations now depend on b. We will take account of this by adding b as a

subscript in the notation: for = (z1,z2,23) € E and b € Bil(V; x V5, V3), the translation by x
with respect to b is

Tb,z:E—)E,

BA.5

(4,,0) o> (21,72,35) +5 (s 0,0) = (21 + 1132 + 0, -+ 0+ b, ) + Busa)), )
and the dilation with ratio r € K with respect to b is

ry:E— E, z+ryx=(rey,res,res + (r? —r)b(zy, z2)). (BA.6)

BA.2. Intrinsic objects of bilinear geometry. As explained above, the additive group Bil(V; x
Va2,V3) acts (simply transitively) on the set brs(Vi,V2;V3) which in this way is turned into an
affine space over K; the “original” linear structure (which corresponds to b = 0) shall not be
preferred to the others. By bilinear geometry we mean the study of all geometric and algebraic
properties of E that are common for all bilinearly related linear structures (equivalently, that
are invariant under all maps f;, b € Bil(V; x V5,V3)), and we will say that an object on E is
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intrinsic if its definition is independent of b. For instance, the origin (0,0,0) € E is invariant
under all f;, and so are the three “axes” V43 x0x 0, 0x V5 x 0, 0x 0 x V3 (referred to as “first,
second, third axis”; they are submodules isomorphic to, and often identified with, V;, V5, resp.
V3). Also, the submodules V; x 0 x V3 and 0 x V5 x V3 together with their inherited module
structure are intrinsic, but the “submodule V; x V5” (which should correspond to Vi @ Vo @3 0)
is not intrinsic: in fact,

Fo(Vi x Vo x 0) = Vi @ Va @ 0 = {(u,v,b(u,v))|u € Vi,v € Va} (BA.7)

which clearly depends on b (it is the graph of b). Thus we have the following intrinsic diagram
of inclusion of “axes” and “planes”:
Vi o EB:=V,xV,

/" ¢
Vs E=V,xVaxVs (BA.8)

¢ A
Vo = EZB.=V,xV;

Next, the notion of being “parallel to an axis” is not always intrinsic: it is so for the parallels to
the third axis 0 x 0 x V3 through any point z € V4 x V5 x V3:

B3 =244 V3 = {(21, 22, 23 + w)| w € V3} (BA.9)

does not depend on b; we call it the vertical space (through z ). But the parallel to, say, 0x Vo x0
through (u,0,0) is the “horizontal space”

Hu,b = (U,0,0) +p Vo = {(U,0,0) +b (071}70) = (u,v,b(u,v))| CAS ‘/2} (BA]-O)

which clearly depends on b. We claim that not only the parallels to the third axis are intrinsic,
but also the parallels to the “planes” E'3 =V; x 0 x V3 and E'?2 =0 x V5 x Vs:

Proposition BA.3. For all z € E , the spaces
EB =244 E®, E® .=+, E*

are intrinsic affine subspaces in the sense that both the sets and the structures of an affine space
over K induced from the ambient space (E,L?) are independent of b.

Proof. Let b be fixed. The map f; preserves the subset
240 B = {(z1 + v, 22,23 + w)|v € Vi,w € V3}

on which it acts linearly: with respect to the origin (0, 22, 0) it is described, in the obvious matrix
notation, by
( 1 b(7 Z2) )
0 1 )

Therefore the set and the linear structure on this set are independent of b. The claim for E!3
now follows since E1® and z +o E'3 are the same sets, and similarly for E23. L]

The proposition shows that E has an intrinsic double fibration by affine spaces, and the vertical
spaces are precisely intersections of fibers of this double fibration. Every fiber contains one
distinguished element (intersection with an axis), and taking this element as origin, the fiber
has a canonical linear structure (e.g., the origin in Véfm’w) is (0,v,0), etc.) This implies, for
instance, that the maps £ — E, (u,v,w) = (Au,v,\w) and (u,v,w) — (u, v, \w) have an
intrinsic interpretation, and so has their composition (u,v,w) — (Au, Av, \2w).

Next we note that the two projections

pr; : Vi x Vo x Vz = Vj (BA.11)
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for j = 1,2 are invariant under f, in the sense that pr; ofy = f;, and hence they are intrinsically
defined linear maps. (This is not true for the third projection !) Thus also

Prig :=pr; @pry: Vi x Vo x V3 = Vi x Vo, (u,v,w) = (u,v) (BA.12)
is an intrinsic linear map, and the following three exact sequences are intrinsically defined:

0 - VB = VixVexV 28 VixV =0
0 - WuxVs o VixWxVs & 1 =0 (BA.13)
0 = VixVs = VixWVexVs 23 ¥ =0

The fibers of pr; are nothing but the spaces EZ*, j =1,2.

Special cases

BA.4. The special case Vo = V3 and shifts. In the setup of Section BA.1, consider the special
case Vo = V3. Then the shift

1

S = 0 VixVax Vs =V xVax Vs, (u,v,w) — (u,0,v) (BA.14)
1

0
0
commutes with all f: fy0S =S o f, and hence S is an “intrinsic linear map”, i.e. it is linear
with respect to all b. It stabilizes the fibers E?3, and the restriction to E?3, with respect to
the origin (pr,(z),0,0), is a two-step nilpotent linear map given in matrix form by the lower
right corner of the matrix S. It defines on E23 an intrinsic structure of a module over the dual
numbers Kfe]. If V; = V3, we get in a similar way a shift S'.

BA.5. The special case Vi = V> and torsion. In case V; = V,, the symmetric group ¥ =
{id, (12)} acts on E =V; x Vi x V3, on Bil(V; x V;,V3) and on the space of bilinearly related
linear structures, where the transposition (12) acts by the exchange map or flip

K:VixVixVa—=oVixVixVs, (u,v,w)— (v,u,w).

We say that LP is torsionfree if b is symmetric; this means that the exchange map is a linear
automorphism with respect to L. In general, the push-forward of L® by & is given by x- L =
L*t where

K - b(u,v) = blv,u).
The difference L® — L¢ in the affine space brs(Vi,Va;V3) corresponds to the difference b — c;
thus the difference L — k - L® corresponds to the skew-symmetric bilinear map t(u,v) :=
b(u,v) — b(v,u), called the torsion of the linear structure L°.

BA.6. Quadratic spaces. Assume V; = V5 and b is symmetric. Then the 7-fixed space
{(v1,v1,v3)|v1 € V1,v3 € V3} is a submodule of (E, L"), isomorphic to Vi x V3 with structure
(v1,v3) +p (v, v5) = (v1 + vy, v3 + vy + b(vr,v)) + b(v],v1))

/\(Ul, ’1)3) = ()\’1)1,)\’113 + )\()\ - ].)b(’l}l, ’1)1)).

Note that this structure is already determined by the quadratic map ¢(v) = b(v,v), even in case
2 is not invertible in K, and thus for any quadratic map ¢q : V3 — V3 we may define a linear

structure on V3 x V3 given by
(v1,03) +q (v1,v5) = (v1 + v, 02 +v3 +g(v1 +v1) — q(vi) — q(v1))
A1, v3) = (Avi, Avg + A(A = 1)g(v1))
and leading to the notion of a quadratic space (we will not give here an axiomatic definition).

The third axis still corresponds to an intrinsic subspace in V; x V3, but the first and second axis
do not give rise to intrinsic subspaces: they are replaced by the diagonal imbedding

Vi = Vi xVixVs, v (0,0,0) 4+ (0,0,0) = (v,0,b(v,0))

which clearly depends on (the quadratic form of) b.
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Intrinsically bilinear maps

Proposition BA.7. Let E,V;, i = 1,2,3 be as above and W be a linear space, i.e. a K-
module. For a map w: E — W the following properties are equivalent:

(1) There exists a linear map A: V3 = W and a K-bilinear map v : Vi x Vo = W such that
w(u,v,w) = v(u,v) + A(w).
(2) For all z € E, the restrictions
wh = flpis B 5 W, w?:=flps:E?* W

to the fibers of the canonical double fibration are linear.

Proof. Assume (1) holds. Let z = (0,v,0); then w!(u,w) = v(u,v) + A(w) is linear in (u,w).
Conversely, assume w satisfies (2). We let A := wl|y, (restriction to third axis) and v := wo 13,
where 112 : V; X Vo — E depends on the linear structure L°. Then, by (2), v(u,v) = w(u,v,0)
is linear in v and in v, i.e. it is K-bilinear. We decompose

(U, v, 'lU) = ((Oa 05 'LU) +(0,0,0) (Oa v, 0)) +(0,v,0) (U, v, 0);

where the first sum is taken in the fiber E}® and the second sum in the fiber E?® with
z = (0,v,0). Using Property (2), we get

w(u,v,w) = w((0707w) +(0,0,0) (OJ’UJO)) + (AJ(’LL,’U,O) = w(0,0,w) + w(O,v,O) + W(U,U,O)
= Aw) +v(v,0) + v(u,v) = A(w) + v(u,v)

as had to be shown. n

If w satisfies the equivalent conditions of the preceding proposition, we say that w is (intrinsi-
cally) bilinear. Tt can also be seen directly that (1) is in fact independent of the linear structure
because w(fp(u,v,w)) = v(u,v)+A(b(u,v))+(w), showing that the space of intrinsically bilinear
maps is stable under the action of the group Bil(V}, Va;V3).

Corollary BA.8. In the situation of the preceding proposition are equivalent:
(1) x=0
(2) For dall z € E, the restriction of w to the third axis is constant,

Yw e Vz:  w(z1,29,23 +w) = w(zy, 22, 23)- |

If w satisfies (1) and (2) then we say that w is homogeneous bilinear, and we let My(E, W) the
space of homogeneous bilinear maps £ — W . The preceding statements show that

Bil(Vi, Va; W) = Mp(E, W), v w:=vopr,

is a bijection with inverse v + v o 112. In particular, the inverse map does not depend on the
linear structure.

BA.9. The skew-symmetrization operator. Assume we are in the special case V3 = V5. Then to
every intrinsically bilinear map f: E — W we can associate a homogeneous intrinsically bilinear
map

altf:=f—for
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In fact, f and f o 7 are intrinsically bilinear, hence so is f — f o7, and alt f is homogeneous:
writing f in the form f(u,v,w) = w(u,v) + A(w) as in the preceding paragraph, we get

alt f(u,v,w) = f(u,v,w) — f(v,u,w) = w(u,v) —w(v,u).
which clearly is homogeneous bilinear. The bilinear map V; x V3 — V3 corresponding to alt f is

waltf(”:”) = f(ua v, U)) - f(U,U, U))
For instance, if f = pr}, then alt f is the torsion of L°.

Relation with the tensor product

BA.10. The tensor space. As explained in the introduction to this part, it is possible to translate
everything we have said so far into usual linear algebra by using tensor products. For arbitrary
K-modules Vi, Vs, Vs, we define the tensor space Z := (V1 ® Vo) ® V3 and the big tensor space
7= VieV,® V3 d (V3 ® Vs) together with the canonical maps

VixVaxVas—2Z, VixVoaxVs—Z, (vi,03,03) 01 +vs+vs+v ®@vs.  (BA.15)

We claim that the linear structure on Z, resp. on Z is intrinsic, i.e. independent of the linear
structure L? on Vi x V5 x V3: in fact, let B : V; ® V5 — V3 be the linear map corresponding to

b: Vi xVo = V3 and let
1 0
Fb._(B 1>.Z—>Z.

Then the diagram
(Vi x Vo) x Vs — Z

fod L By (BA.16)
Vi xW)xVz — Z

commutes. Since Fy is a linear automorphism of Z, it follows that the linear structure on
Z does not depend on b, and similarly for Z. Thus Z and Z are a sort of universal linear
space for all bilinearly equivalent structures. (The space Z is faithful in the sense that different
automorphisms of F, as defined later in Section MA.5, induce different automorphisms of Z.
For the space Z this is not the case.) Note that the splitting of Z into a direct sum is not
intrinsic, but the subspace 0 @ V3 is intrinsic: the sequence

0->VsZ V1V —>0 (BA.17)

is intrinsic. (If V; = V&, then, with respect to symmetric b’s, then we may define Z' := S2V; @ V3
and we get an intrinsic sequence V3 — Z' — S2V;.) As we have seen, in presence of a fixed linear
structure L”, this sequence splits. Conversely, a splitting 3 : Vi ®V, — Z of this sequence induces
a linear map B := pry, of : V1 ® Vo — V3 (where the projection is taken w.r.t. the splitting
given by b = 0); then, if b is the bilinear map corresponding to B, it is seen that the splitting g
is the one induced by L. Summing up, splittings of (BA.16) are in one-to-one correspondence
with bilinearly related structures. Once again this shows that the space of bilinearly related
structures carries the structure of an affine space over K. Moreover, intrinsically bilinear maps
V1 xVy x V3 — W correspond to linear maps F' : Z — W ; homogeneous ones correspond to
linear maps that vanish on W. In particular, the “third projection” corresponds to the linear
map Z — V3, and the projection Z — V; ® V, corresponds to f,, where w: V) x Vo, =2 V1 @V,
is the tensor product map.
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MA. Multilinear algebra

For a correct generalization of the bilinear theory from the preceding chapter to the
multilinear case we have to change notation: the K-modules V3, V> from BA.1 play a symmetric
role and should be denoted by Vg1, Vig, whereas V3 belongs to a “higher” level and shall be
denoted by V3. The multi-indices 01,10,11 in turn correspond to non-empty subsets of the
2-element set {1,2}. In the general k-multilinear case, our K-modules will be indexed by the
lattice of non-empty subsets of the k-element set {1,...,k}.

MA.1. The index set. For a finite set M, we denote by 2™ its power set, and taking for M
the k-element set

Ny = {1,...,k}, (MA.1)

we define our index set I := Ij, := 2N+, Often we will identify I; with {0,1}* via the bijection
2N 5 {0,1}F, A a:=14, (MA.2)

where 14 is the characteristic function of a set A C Nj. The inverse mapping assigns to
a € {0,1}* its support
A :=supp(a) := {i € Ny|a; = 1}.

The natural total order on N, induces a natural total order “<” on I which is the lexicographic
order. For instance, I3 is ordered as

I3 = (0,{1},{2},{1,2},{3},{3,1},{3,2},{3,2,1})

= ((000), (001), (010), (011), (100), (101), (110), (111)), (MA.3)

where, for convenience, we prefer to write elements «a € {0,1}® in the form (as,as,a;) and
not (ai,as,asz). There are other useful total orderings of Ij, but the natural order has the
advantage that it is compatible with the natural inclusion N C Ni41 and hence is best adapted
to induction procedures. In terms of multi-indices a € {0, 1}*, the basic set-theoretic operations
are interpreted as follows: the cardinality of A corresponds to |a| := ), @;; the singletons
A = {i} correspond to the “canonical basis vectors” ey, ...,e; inclusion o C § is defined by
supp(a) C supp(B) (note that this partial order is compatible with the total order: a C 8
implies a < f); disjointness will be denoted by

alp & supp(a)Nsupp(B) =0 < Zaiﬂi =0, (MA.4)

which is equivalent to saying that the componentwise sum « + 3 is again an element of {0,1}*.

MA.2. Cubes of K-modules. A k-dimensional cube of K-modules is given by a family V,,
a € It \ 0, of K-modules. We define the total space

E:= @ V.

a€cI\0

Elements of E will be denoted by v =" . (va Or by v = (va)a>0 With v, € V. The subspaces
Vo C E are called the azes of E. For every a € I, a > 0, we let

Vo=@ Vs, Ha=PVs (MA.5)
fCa aCB
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If a C o, then YN/a C 170/, and the lattice of subsets of I corresponds thus to a commutative
cube of inclusions. For instance, for k = 3,

{17273} ‘7111

AN AN
Q, 244}\ {7 ’ %11{‘7151\ 7110 (MA.6)
XA XA

e W g
AN N/

MA.3. Partitions. A partition of a finite set A is given by a subset A = {Al,... A’} of the power
set of A such that all A® are non-empty and A is the disjoint union of the A®: 4 = U;—y . ;A%
We then say that [ := [(A) is the length of the partition. We denote by P(A) the set of all
partitions of A and by P;(A) (resp. by P>i(a)) the set of all partitions of a of length [ (resp.
at least 1):

||

P(A) = Pu(A), PiA) ={A={Ar,..., A} €2 Uiy, AT=4;0 ¢ A} (MAT)
=1

Finally, for a finite set M, we denote by

Part(M) := | J P(4) c2®” (MA.8)

Aeg2M
A#£D

the set of all partitions of non-empty subsets of M, and for a partition A of some set A C M,
the set A is called the total set of the partition A, denoted by

A=A={]v (MA.9)

If we use multi-index notation, this corresponds to A:=a =, A’
Now let M =N, A C M. Using the total order on I, = 2N every partition of length I
can also be written as an ordered [-tupel:

A=A A, O<A <. .<Al<A

In terms of multi-indices, a partition of a multi-index o € {0,1}* is A = {A!,..., A} C I} such
that 22:1 A =« and all X! > 0, or, using ordered sequences:

1
A=AL ) e@), o< <L <N, Y N =a. (MA.10)
i=1
The trivial partition {A} of a set A, i.e. the one of length one, is identified with A itself.
Sometimes it is useful to represent a partition by an I x k-matrix with rows A!,..., L. So, for
instance,

P({1,2,3}) = {{1,2,3}, {{1},{2,3}}, {{2}, {1, 3}}, {{1, 2}, {3}}, {1}, {2}, {3}}
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corresponds to

P(111) = {(1 1 1),((1) (1) é)(? é ?)(2 é (1)) § g é L (MA11)

The set P(A) can again be totally ordered, but we will not use this order.

The symmetric group ¥y acts on Ny, on I and on Part(Ny) in the usual way. Then
a,f € I are conjugate under this action iff |a| = |8, and two partitions A\, u € P(I}) are
conjugate under Xy iff

() =1A) =:1 and Vi=1,...,1: |\|= || (MA.12)

For instance, in (MA.11) the second, third and fourth partition are equivalent under 3. Note
that, when writing partitions as ordered sequences, the action of ¥ does not preserve the order.
In (MA.11), the lines of the fourth matrix had to be exchanged after letting act the transposition
(23) on the third matrix.

MA .4. Refinements of partitions. We say that a partition A is a refinement of another partition
Q, or that Q is coarser than A, and we write Q < A, if A and Q are partitions of the same set
A and every set L € A is contained in some set O € :

Q<A & Q=AVLeEA:I0€Q:LCO. (MA.13)

This means that the equivalence relation on A induced by A is finer than the one induced by Q.
For instance, the last partition in Equation (MA.11) is a refinement of all the preceding ones, and
the first partition is coarser than all the others. The relation < defines a partial order on P(a);
for instance, the three middle partitions in (MA.11) cannot be compared among each other. In
any case, if A is a partition of a set A with |A| = j, we have a finest and a coarsest partition of
this set:

A=A={ar,...,aq} A= A:={{a1},...,{a;}} = {{a}|a € A}. (MA.14)
If A is finer than 2, we define, for O € Q, the A-induced partition of O, by
O|A:={L e A|L Cc O} € P(O). (MA.15)

Another way of viewing refinements is via partitions of partitions: a partition A is a set and hence
can again be partitioned. In fact, every partition € that is coarser than A defines a partition of
the partition A via

A = UOEQ O|A,
and in this way we get a canonical bijection between the set of all partitions  that are coarser

than A and the set P(P(A)) of all partitions of the partition A.

MA.5. Multilinear maps between cubes of K-modules. Given two cubes of K-modules
(Va), (V) with total spaces E,E', for every partition A of an element a € I, we assume
a K-multilinear map

AV x X Vg = V) (MA.16)
be given. Then a multinear map or a homomorphism of cubes of K-modules is a map of the form
f=fE=E, v=> var Y Y boar,...,00m). (MA.17)

a>0 a>0AcP(a)

Written out more explicitly,

[

fb(U)Z ZZ Z bA(UAl,...,UAl).

a€l [—=
aso IFLAEPU(@)
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To get a more concise notation, we let
VA = VAl X ... X VAI (MA].S)
and write b* : Vi — Vi. Note that A = {AY,... A!} is a set, hence we will not distinguish
between the various versions of V) or b* obtained by permuting the factors. If one whishes,
one may single out the “ordered version” A' < ... < A!, but as long as we distinguish the
various spaces V, by their index (even if they happen to be isomorphic), this will not be
necessary. We write Hom(E, E') for the set of all multilinear maps f = f; : E — E' and
End(E) := Hom(E, E). The family b = (b*) cpart(r) of multilinear maps is called a multilinear
family, and we denote by Mult(E, E') the set of all multilinear families on E with values in E'.
We introduce the following conditions on multilinear maps and on the corresponding multilinear
families:
(reg) We say that f, : E — E' is regular if, whenever [(A) =1 (i.e. A = {a} = {A'} is a trivial
partition), the (linear) map b* : V,, — V| is bijective. We denote by
Gm®*(E) := {fy, € End(E)|b € Mult(E), [(A) = 1 = b* € Glg(Va1)}
the set of all regular endomorphisms of E.
(up) We say that an element f, € Gm®*(E) is unipotent if, whenever A = {a} is a trivial
partition, we have b* = idy, . We denote by
Gm"*(E) := {f, € Gm"*(E)|b € Mult(E), I[(A) = 1= b" =idy,, }
the set of all unipotent endomorphisms of E.
(si) Let 1 < j < k. We say that f, is singular of order j (at the origin) or just: fy s of order
j if b* = 0 whenever I(A) < j, and we denote by Mults;(E) the set of all multilinear
families on E that are singular of order j.

(ups) For 1 < j <k, we denote by
Cm?*(E) := {fy € Gm"*(B)|[I(\) =2,...,j = b* =0}
the set of all unipotent endomorphisms that are of the form f =idg +hy with h; singular
of order j.

Theorem MA.6.

(1) Cubes of K-modules together with their homomorphisms form a category (which we call the
category of k-multilinear spaces).

(2) A homomorphism f, € Hom(E,E') is invertible if and only if it is regular, and then
(fs)~' is again a homomorphism. In particular, Gm®*(E) is a group, namely it is the
automorphism group of E in the category of k-multilinear spaces.

(3) We have a chain of subgroups

Gm®*(E) 5> Gm™*(E) 5 ... > Gm* " *(E) 5 Gm**(E) = {idg}.

Proof. (1) It is fairly obvious that the composition of homomorphisms is again a homomor-
phism. However, let us, for later use, spell out the composition rule in more detail: assume
g:E' - E" and f: E — E' are multilinear maps; for simplicity we will denote the multilinear
families corresponding to g and to f by (¢*)a and (f*)a. Then the composition rule is obtained
simply by using multilinearity and ordering terms according to the space in which we end up:

let w, = Zue’P(a) fY(vyyy- -, 0y,), then

9 0) = o> wa)
:Z Z gg(wﬂla"'an")

a QeP(a)

:Z Z Z gQ(fAl(’UQ%:"'71]9111)7'"7fAT(vQ;‘7"'7UQITT))

a QeP(a) ApeP(al)...
AreP(QT)

= Z Z Z gQ(fﬂl‘A(vQ%a"';UQ}l)a"':fQT‘A(UQ’{;"'a'UQ;"T))

a AeP(a) 2=A
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where r = 1(Q) and I; =1(A;) and A; = Q/|A (cf. Eqn. (MA.15); this implies A = Uj_, A;). Tt
follows that g o f corresponds to the multilinear family

(go )M wa) = g“(ff’ll"(vgi,...,vglll),...,fﬂ’”\A(vQ;,...,vQ,T)). (MA.19)
Q<A

Finally, the identity map clearly is a homomorphism, and hence we have defined a category.

(2) If fp: E — E' is a homomorphism, then the definition of f;, shows that f, maps the
a-axis into the a-axis: f,(V,) C V!, and the induced map V,, — V. agrees with b := b* for
A = {a}. Therefore, if f; is bijective, then so is b* whenever I(A) = 1, and thus f; is regular.
In order to prove the converse, we define, for every homomorphism f = f*: E — E', the map

Tof = xab® : E— E', Zva — Zb“(va), (MA..20)

where as above b* := b{e} . This is again a homomorphism, acting on each axis in the same
way as f. From the definition of multilinear maps one immediately gets the functorial rules
To(go f) = Tog o Tof and To(Tof) = Tof. Now assume that f := f; is regular. This is
equivalent to saying that Ty f is bijective. Then clearly (Tpf)~! is again a homomorphism
and To(Tof)™' = (Tof)™'. Let g := (Tof) ' o f : E — E; then g is an endomorphism with
Tog = idg, i.e. g is regular and moreover unipotent, i.e. ¢ € Gm"*(E). Thus we are done if we
can show that Gm"*(E) is a group.

Let us, more generally, prove by a descending induction on j = k,k — 1,...,1 that all
Gm?*(E) are groups: it is clear that Gm**(E) = {idg} is a group. For the induction step with
j > 1, note first that Gm?*(E) is stable under composition. We need the lowest term of the
composition of elements f,, fy € Gm?*(E): define ¢ by f. = fyo fa; then we have ¢* = a* +b*
whenever I()\) = j+1. It follows that g := f_yo f, € Gm/ T *(E) for all f, € Gm?*(E). But by
induction Gm’*"*(E) is a group, and hence f; is invertible with inverse g~'o f_; € Gm?*(E).
(In particular, this argument shows that Gm*~"*(E) is a vector group.) Finally, (3) has just
been proved. [ ]

As seen in the proof, (2) implies that f : E — E’ is invertible if and only if Ty f is invertible. If
we interpret Ty f as the “total differential of f at the origin”, then this may be seen as a kind
of inverse function theorem for homomorphisms of multilinear spaces.

MA.7. The general multilinear group. The group Gm"*(E) acts “simply non-linearly” on E
in the sense that the only group element that acts linearly on E is the identity. Therefore it
plays a more important role in our theory than the full automorphism group Gm®*(E), and we
call Gml’k(E) the general multilinear group of E. The preceding proof shows that we have a
(splitting) exact sequence of groups

1 - Gm"*(E) ¢ Gm®*(E)B x50 GI(V,) — 1 (MA.21)

showing that Gm!*(E) is normal in the automorphism group, and the quotient is a product of
ordinary linear groups. For more information on the structure of Gm!*(E), see Sections MA.12
— MA.15.

MA.8. Example: the case k = 3. For k = 3, elements of Gm"®(E) are described by six bilinear
maps and one trilinear map:

b= (b°°1’°1°, pO0L,100 010,100 {001,110 010,101 {011,100 b°°1’°1°*1°°),

and thus

Fo() = v + %1010 (w01, w010) + M1 (vgor, vi00) + B0 (vg10,v100)+

001,110 010,101 011,100 001,010,100
b (voo1,v110) + b (vo10,v010) + b (vo11,v100) + b (w001, Y010, V100)5
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where the term in the second line describes the component in V311 . Composition f®o fo = f¢ of
such maps is described by the following formulae: if I(\) = 2, then we have simply ¢* = b* +a?.
If I(A) = 3, i.e., A = ((001),(010), (100)), then there are three non-trivial partitions Q that are
strictly coarser than A, and we have:

c’\(u,v,w) = a’\(u,u,w) + b’\(u,v,w) + p00L110 (g, q010:100 (4 ) )4

b010,101(v’a001,100(u’w)) + b011,100(a001,010(u’v),w)‘

Inversion of a unipotent f = f is described as follows: if I(A) = 2, then (f~')* = —f*, and the
coefficient belonging to A = ((100)(010)(001)) is

(F~Ha(u, v, w) = =0 u, v, w) 4+ b2L110 (g, p010100 (4 4))+

bOlO*wl(v, p001,100 (u,w)) + b011,100(b001,010(u’ V), w).

MA.9. Multilinear connections and the category of multilinear spaces. Since Gm"*(E) acts
non-linearly on F, a multilinear space £ does not have any distinguished linear structure. We
say that two linear structures on E are k-linearly related if they are conjugate to each other under
the action of Gm'"*(E), and we say that a linear structure on E is a (multilinear) connection
on E if it is k-linearly related to the initial K-module structure L° defined by the bijection
E = @©459Va. As in Section BA.1, we denote by L® = (E,+,-;) the push-forward of the
original linear structure on E via f;; then Gm"*(E) acts simply transitively on the space of all
multilinear connections via (f¢, L?) — (f¢o f?)-Lo. Recall that, for k = 2, Gm"*(E) is a vector
group, and hence in this case the space of connections is an affine space over K. For general k,
the explicit formulae for addition +; and multiplication by scalars -, in the K-module (FE, LP)
are much more complicated than in case k = 2 (cf. Section BA.1) and will not be written out
here. Let us just make the following remarks. It is easy to write the sum of elements taken from
axes: since fp acts trivially an each axis, this is the “b-sum”

(Y ava = 5D va)- (MA.22)

Moreover, in the sum v+pv’ for arbitrary elements v,v' € E, components with |a| =1 are simply
of the form v, +v, ; components with |a| = 2 are of the form v, +uv}, +b%7(vg, v}) + b7 (v}, vy)
where o = f + v is the unique decomposition with |3| =|y| =1 and 8 < .

Intrinsic geometric structures

We say that a structure on E is intrinsic if it is invariant under the action of the automorphism
group Gm®"*(E).

MA.10. Intrinsic structures: subgeometries. The group Gmb*(E) acts trivially on all axes;
hence the axes are intrinsic subspaces, not only as sets, but also as sets with their induced K-
module structure. For any a € I, the set Vi := @sc, Va (cf. Eqn. (MA.5)) is invariant under
the action of Gm!*(E) and hence is an intrinsic subspace of E; but the action of Gm'*(E)
on these subspaces is in general not trivial. For k = 3, diagram (MA.6) describes the cube of
these intrinsic subspaces. Note that, if |a| = j, then Va is a j-linear space in its own right
which is represented by the j-dimensional subcube having bottom point 0 and top point Va.
For instance, if k¥ = 3, the three bottom faces of the cube represent three bilinear subspaces of
E. In a similar way, if a,8,a + 3 € I, then the direct sum V, ® Vg ® V44 is an invariant
bilinear subspace of E. More generally, for any partition A, we can define an invariant subspace
E\ which is a cube of K-modules with bottom A!,... Al.

MA.11. Intrinsic structures: projections, hyperplanes. Let

ps:E—=Vs, Y varr Y va (MA.23)
a aCp
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be the projection onto the invariant subspace I7g. Then a straightforward check shows that pg
is intrinsic in the sense that pg o f, = fy o pg for all f € Gm"*(E):

E & E
pg pg (MA.24)
7L S/

In particular, the factors of the decomposition

E:Vg@Klg, Kﬁ ::ker(p,@):®va:ZHa
aZp alp

are invariant under Gm"*(E); but of course Gm"*(E) does in general not act trivially on the
factors, nor are the “parallels” of 175 and Kj invariant under Gm"*(E). We say that the
subgeometry 17[3 is mazimal if |8] = k — 1 and minimal if |8| = 1. (For k = 2 every proper
subgeometry is both maximal and minimal.)
(1) Maximal subgeometries: fix j € {1,...,k} and let 8 :=ej := 3,  €; correspond to the
complement N, \ {j}. The corresponding projection is

Pe: B — ‘7(1...101...1) = @ Va, Zva = Z Va- (MA.25)
aeIO a>0 a; =0
aj=

The kernel is called the j-th hyperplane:

Hj:= K, =ker(p;) = @ Va = P Vo = H, (MA.26)
a€el a€el
aj=1 ejCa

We claim that Gm"*(E) acts trivially on H;. Indeed, assume v = > a;=1Ya € He;. Then
fsw) =v+ 30} uxr,...,0n) =v since Xi =1 for i =1,...,1 and hence the A’ cannot
form a non-trivial partition and the sum over A has to be empty. Hence H,; together with
its linear structure is invariant under f;, and thus it is an intrinsic subspace of E. In the
same way we see that all fibers y + H,,, for any y € E, are intrinsic affine subspaces of E.
There is a distinguished origin in y + H,, , namely ZQFO Yo, and hence y + H; carries

an intrinsic linear structure. (In the context of higher order tangent bundles T*M , these
hyperplanes correspond to tangent spaces Ty (T*~1M) contained in E = (T*M),.)

(2) Minimal subgeometries: § =e;. Then
prj i=pe; : B = V=V, v:Zvab—H)ej. (MA.27)

The group Gml’k(E) acts trivially on the axes V; and hence pe; o fy = pe; ; thus not only
the kernel, but all fibers of p., are Gm"*(E)-invariant subspaces.

(3) Intersections. Clearly, intersections of intrinsic subspaces are again intrinsic subspaces. For
instance, if ¢ # j,

Hyj == Hy; N Her = ker(pe; X pe;) = P Vo= Heise, (MA_.28)

axel
ai=1=aj

is an intrinsic subspace, and so is the “vertical subspace” ®a:|a|>2 Va, kernel of the
projection

pr:=pr; X...xXpr,: E—=> Vi x...x Vg, v (pry(v),...,pry(v)). (MA.29)
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Summing up, multilinear spaces have a non-trivial “intrinsic incidence geometry”, and it seems
that the complementation map of the lattice I} corresponds to some duality of this incidence
geometry. It should be interesting to develop this topic more systematically, in particular in
relation with Lie groups and symmetric spaces.

Complements on the structure of the general multilinear group

MA.12. “Matrix coefficients” and “matrix multiplication”. The choice of a connection in a
multilinear space should be seen as an analog of choosing a base in a free K-module V', and the
analog of the map K® — V induced by a basis of n elements is the map

o :PVa—=E, v=(va)a fiolv) (MA.30)
a>0

(in differential geometry, ®° is the Dombrowski splitting or linearization map, cf. Theorem 16.3).
Then the “matrix” D!(f) of a homomorphism f : E — E' with respect to linear structures L°
and L° is defined by

D . V. B E

a>0 "a

Dy(f) 4 Lf (MA.31)
B.oVe B F
We have the usual “matrix multiplication rules” D%(go f) = D2(g) o D¢(f), Dg(id) =id. Just
as the individual matrix coefficients of a linear map f with respect to a basis are defined by
aij = pr;ofou;, where pr; and ¢; are the projections, resp. injections associated with the basis
vectors, we define for a homomorphism f : E — E’, with respect to fixed connections in E and
in E',

E 4 E

FON = proofou : Vi = V3, T 1 prg (MA.32)
QA

w 5w
where tpA : Vo — E is inclusion and pr,, : E' — V{3 is projection with respect to the fixed
connections. Not all matrix coeflicients are interesting — we are mainly interested in the following;:

(1) We say that a matrix coefficient f&A is effective if @ < A. In this case let us write
Q={0...,Q}if () =r, r <IA), O ={Q,...,Q] }. Then the effective matrix
coefficient is explicitly given by

FUA VL = Vg = Vo x ... x Vo,

) MA .33

('UAI,...,/UAI)H(le‘A(UQ%,---,UQll )yeen, b ‘A(UQ;,...,UQT ) ( )
1 Il

(2) We say that a matrix coefficient f?4 is elementary if 1(Q2) =1 and Q = A. (Since A < A,

elementary coefficients are effective.) With respect to the linear structures L°,(L°)’, the

elementary matrix coefficients are just the multilinear maps b* : Vj — VAI defining f = f°:

E & g

=AYy SV Lpr, (MA.34)
- A
w5V
where o = A. In this situation, we may also use the notation f@A =: p2A,
Proposition MA.13.  (“Matrix multiplication.”) Assume E,E',E" are multilinear spaces

with fized multilinear connections and g : E' — E" and f : E — E' are homomorphisms. Let
Q < A. Then the effective matriz coefficient (go f)!N is given by

(go =3 gMoyst

Q=v=A
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In particular, for elements of the group Gml’k(E) we have the composition rule

I(A)—1
(o =g+ + > D ¢%osN
=2 &y,

Proof. Using the terminology of matrix coefficients, Formula (MA.19) from the proof of
Theorem MA.6 can be re-written

1(A)

(gof)* = g0 fMN =" %" g%0 A (MA.35)
Q<A r=1 Q<A
(D)=r
The proposition follows from this formula. [ ]

Corollary MA.14.  The subgroup Gm* "*(E) is central in Gm"*(E). More precisely, if
feGm* " E), ge Gm"*(E), then

(Ffog)* =fA+g" =(go HM

Proof. Note that f € Gm* M*(E) iff f4 = 0 whenever I(A) # 1,k. Thus the sum in the
composition rule reduces to two terms, and we easily get the claim. ]

Under suitable assumptions, one can show that Gm*~"¥(E) is precisely the center of Gm"*(E).
The cosets of Gm*~1F(E) in Gm"*(E) are easily described: f. = f,o0 fy with f, € Gm*~1*(E)
iff

(AN <k=c=d, IN=k=>=d"+h

with some k-multilinear map h: V¥ = V.

Intrinsic multilinear maps

MA.15. Intrinsic multilinear maps. Let V' be an arbitrary K-module and E a k-linear space.
A map f: E — V' is called (intrinsically) multilinear if, for all y € E and j = 1,...,k, the
restrictions to the intrinsic affine spaces (hyperplanes) f|,im; : y + H; = V' are K-linear. We
say that f is homogeneous multilinear if, for all ¢ # j, the restriction of f to the affine spaces
y + H;; is constant (for notation, cf. Eqns. (MA.26), (MA.28)). We denote by M(E, V"), resp.
by My(E, V") the space of (homogeneous) intrinsically multilinear maps from E to K and by
Hom(Vi, ..., Vi; V') the space of multilinear maps Vi x ... x V3 — V' in the usual sense (over
K). We let also

PVIX X Ve 2 By (Veysee ey 0e,) = (bZ)Ue;
be the inclusion map for the longest partition (sum with respect to the linear structure L?).
Proposition MA.16. The map
Hom(V4,...,Vi; V') = Mu(E, V"), fe f:=fopr
s a well-defined bijection with inverse given by
Mp(E, V') - Hom(Vy,...,Vi; V'), fe fi= fodb.

The map defined by the preceding formula does not depend on the linear structure L°, but its
extension
M(E, V') = Hom(Vi, ..., Vis V'), [ f:=fo L.
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does depend on LY.

Proof. We prove first that f is intrinsically multilinear: the restrictions pr; | H; are zero
except for ¢ = j (for |a| =1, only the e;-component is non-zero on Hj), and it follows that the
restriction of f to y + Hj is affine. Moreover, f is homogeneous since the kernel of pr is E,
and hence i will be constant on E» and on all other fibers of pr.

Next we prove that f is multilinear in the usual sense (where f may be homogeneous or
not): in fact, f(vi,...,vx) (with v; € V;,) is linear in v; since f islinear on (vi,...,0,...,v;)+
Hj. Thus f is multilinear in the usual sense. If f is homogeneous, then the definition of f does
not depend on the linear structure on E because f(z(b) Ve;) = F(X ve; + 23 DM (Urg,- -0 0n)) =
f(3_ ve;) by homogenity, using that b* takes values in an V,, with |a| > 2, and such a V,, lies
in some H;;. If f is non-homogeneous, then f may very well depend on Lb.

Finally, a direct calculation shows that f ~ f and f f are inverse to each other. |

Summing up, the following diagram encodes two different ways of seeing the same object f:

E

pr |1
Vix...xV

(MA.36)

NIENVEN

Tensor space and tensor functor
MA.17. The tensor space. For a partition A we let
VA =V R...0Vu
and we define the (big) tensor space of E
P @ h-BD @
AePart(I) a>0 =1 AeP;(a)

There is a canonical map

E%E: ('Ua)aHZ'UA1®---®'UAl.

Next, to a homomorphism f : E — E' we associate a linear map f E — E' in the following
way: to every multilinear map bA : Vi — V,, using the universal property of tensor products, we
associate a linear map V> Va - More generally, whenever 2 < A, to the matrix coefficient
FOUA V) = Vi we associate a linear map f2A : V) — Vio: we can erte

leA bQ ‘A . X bQTlA : XVQ{‘A — XVQilA

and define
1 r
_)?QlA :=/b\Q ‘A® ®?)\Q 1A : ®VQ¢'|A — ®VQi|A.

We define all other components of f: E — E to be zero. In other words, we simply forget all
non-effective matrix coefficients; since f is determined by the elementary coefficients, this is no
loss of information.
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Proposition MA.18.  The preceding construction is functorial:

—

idp = idg, gof=gof.

Proof.  The first equality is trivial. The second one follows from the matrix multiplication
rule MA.13: the component (g o f)QIA of go f from V) to Vo is calculated by usual matrix

multiplication:
Q|A ng o FYIA,

where the sum is over all partitions v; but, by the preceding definitions, only terms with
Q < v < A really contribute to the sum, and hence we get the component (g/o\f)Q‘A. ]
We call the functor £ — E the tensor functor. This functor is an equivalence of categories: f
can be recovered from f since all DA are components of f (it is here that in BA.10 we needed
E and not Z ). Finally, let us add the remark that in the special case of E of tangent or bundle
type (see next chapter), we may define a smaller tensor space, essentially by taking symmetric
powers and identifying some of the VA, which is functorial with respect to totally symmetric
homomorphisms; it is this smaller tensor space that plays the role of the “higher osculating
bundle of a vector bundle” in [Po62].
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SA. Symmetric and shift invariant multilinear algebra

Fibers of higher order tangent bundles are cubes of K-modules having the additional property
that all or at least some of the V,, are canonically isomorphic as K-modules; for this reason
we call such tubes of tangent type. This situation gives rise to interesting new symmetries: the
main actors are the permutation operators which act horizontally, on the rows of the cube, like
the castle in a game of chess, and the shift operators which act diagonally, like the bishops. The
commutants in the general multilinear group of these actions are the very symmetric, resp. the
shift-invariant subgroups. The intersection of these two groups is (in characteristic zero) the unit
group of a semigroup of truncated polyomials on V.

SA.1. Cubes of tangent type and of bundle type. We say that a cube of K-modules is of
tangent type if all V, are “canonically” isomorphic to each other and hence to a given model
space denoted by V. Formally, this is expressed by assuming that a family ideg : Vo —
Vs of K-linear “identification isomorphisms” be given, satisfying the compatibility conditions
idg,goidg,y =ida,y and idy,q = idy, . We say that the cube is of (general) bundle type if there
are two K-modules V and W such that each V, is canonically isomorphic to V or to W ; more
precisely, we require that all V, with a; = 1 are canonically isomorphic to W and all other V,
are canonically isomorphic to V. (In a differential geometric context, we then often use also the
the notation a = (a2, a1, ap).) Thus for a cube of bundle type the axes of the cube (MA.6) are
represented by
w

N,

W/\\/W\\V/ (SA.1)
N

For simplicity, in the following text we treat only the case of a cube of tangent type. In the
differential geometric part, we apply these results as well to the general bundle type, leaving the
slight modifications in the statements to the reader.

SA.2. Action of the permutation group Y. If E is of tangent type, fixing for the moment the
linear structure L?, there is a linear action of the permutation group ¥ on E such that, for all
o €Yy, 0:Vy— V,., agrees with the canonical identification isomorphism:

c:E—E, O’(Z Vo) = Zidaﬁ(a) Vo (SA.2)

(Strictly speaking, in order to define such an action of X} we do not need the assumption that
E is of tangent type, but only the weaker assumption that V,, = Vg whenever |a| = |3].) By
our definition, the ¥j-action is linear with respect to the linear structure L% on E. It will
not be linear with respect to all L?, or, put differently, it will not commute with the action of
Gm*(E). We let E° = {v € E|ov = v} and denote by

E* ={veE|No €Sy : ov=0}= ﬂ E°
oEY
the fixed point space of the action of ¥, and we define subgroups of Gm(E)%* by
Vsm?*(E) := {f* € Gm?*(E)|Vo € B} : froo =00 fs},

SmP* () = {f € Gmi*(B)| f/(E™) = B>}, (54
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called the group of very symmetric elements, resp. the group of symmetric elements of Gm?* (E).
It is clear that Vsm?*(E) C Sm?"(E); we will see that in general this inclusion is strict. We say
that a linear structure L is very or totally symmetric if the action of ¥}, is linear with respect to
LY, and that it is (weakly) symmetric if all E°, o € ¥}, are linear subspaces of E with respect
to LY. Clearly, L? is (very) symmetric if so is f°.

Proposition SA.3.  The group ij’k(E) is normalized by the action of Xy . More precisely,
for every multilinear family b= (b™)x and every o € Iy,

oo fb o a_l = fa~ba
where o - b is the multilinear family
(0-b) =00 b Ao (0t x...xo b

It follows that o - L is again a connection on E; more precisely, o - L¥ = L7°.

Proof. By a direct calculation, making the change of variables f = 0. and Q := g.A, we
obtain
ofoo ' () va) = 0£5(D_ idao-1(a) (va))
=} Y tidean(ven))

a AEP(a)

:Z Z ida’g,abA(ida'.A,A(Uo'(A)))

a AeP(a)

=> > idy-1.5,407 2(idg,o-10(va))

B QeP(B)

= fo’.b(z Uﬁ)'
B
Finally, since o - L® = L, it follows that
o L'=0-f0 L= (0o floo) L0 = fotL0 = L7 n

Corollary SA.4.  The following are equivalent:
(1) f, € Vsm"¥(E)
2) Vo€, L =o- LY
(3) the multilinear family b is Xy -equivariant in the sense that, for all A € Part(Ny) and all
o € Bk, we have (o -b)A = b, i.e., b and b"M are conjugate under o :

VA1X...XVA1 b—A> Va
b"'A:aobAO(a_lx...xa_l): oX...0l| o (SA.4)
b A

Vo’(Al) X... X VO.(AI) — Voo

Let us assume that f, is very symmetric, i.e. (SA.4) commutes for all A and o, and let us
fix A € P(a) such that, for some i # j, we have |A?| = |A7|. Then there exists o such
that o(A%) = A7 and o(A™) = A™ for all other m, whence 0(A) = A and hence o(a) = a.
The action of ¢ on V, is determined by exchanging Vj: and V,; and fixing all other Vjm .
Therefore (SA.6) can be interpreted in this situation by saying that b* is symmetric with
respect to exchange of arguments from Vj: and Vj;. In other words, the multilinear map
b* has all possible permutation symmetries in the sense that it is invariant under the subgroup
{0 € Bg|o-A = A} of . For instance, if k = 2, f; is very symmetric iff 5110 “is a symmetric
bilinear map V x V' — V7, and if k = 3, then f} is very symmetric iff
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(a) the three bilinear maps p001:110 101,010 {011,100 5r6 conjugate to each other: (23)-p101:010 =
HOLLI00 — (13). 10,001
(b) the three bilinear maps 201,010 001,100 3010,100 5re conjugate to each other: (23)-p%01.010 =

001,100 — (12) . p010:100 4 d are symmetric as bilinear maps,

$001,010,100

(c) the trilinear map is a symmetric trilinear map.

Next we will give a sufficient condition for f, to be weakly symmetric. For k = 2, all f; €
Gm"?(E) are symmetric (in the notation of BA.1, fy(v,v,w) = (v,v,w + b(v,v))), and for
k = 3, the reader may check by hand that f; is symmetric if the preceding condition (a) holds
in combination with

(b”) the three bilinear maps 001,010 001,100 4010,100 p001,010 _

po01,100 — (19) . 010,100

are conjugate to each other: (23)-

Our sufficient criterion will be based on the simple observation that Nyex, E° = NrerE? where
T is any set of generators of Y ; for instance, we may choose T to be the set of transpositions.

Proposition SA.5.  Let f, € Gm"*(E) and 7 € £;. Then (2) implies (1):
(1) fo(ET) = E7
(2) For all o € Iy, such that T-a # a and for all partitions A € P(a), the condition (1-b)» = b*
holds.

If fy satisfies Condition (2) for all elements T of some set T of generators of Xy, then fp €
Sm™*(E).

Proof. By definition of E7,

v = Zva €EET & Va€l: idyralva) =vra.

a

It follows that f°(v) belongs to E7 if and only if 7((f*v)a) = ida,r.a(f?v)r.a for all a, i.e.

ida,r-a(Va) Z WA (war, .. 00)) = Vrg + Z b (vg1, ..., va1)
AEP(a) QeP(r-a)

=Vr.q+ Z b7 A (U(.,..A/)1, ... ,'U(.,_,A/)z)
A eP(a)

where we made the change of variables A’ := 771 - Q. If we assume that v € E7, then this
condition is equivalent to: for all a € I},

Z ida,T-a(bA(UAl 7)) Z b 1)(7. AL, - 'U(T,Al)l) (SA.5)
AeP(a) A eP(a)

If 7-a = «a, then, since idy,q = idy, , this condition is automatically fulfilled, and if 7- « # «,
then Condition (2) guarantees that it holds. Thus (SA.5) holds for all a, and (1) follows. The
final conclusion is now immediate. ]

One can show that, if in the preceding claim that 7 is a transposition, then (1) and (2) are
equivalent.

SA.6. Curvature forms. Let L = L® be a connection on E. We have seen that L and o - L
are multilinearly related (Prop. SA.3), and hence there exists a unique element R := R%L €
Gm"*(E) such that

R L=0-L. (SA.6)

This element is called the curvature operator and is given by

R =gofyoa o (fy)™" = fopo (fo)7. (SA.7)
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In fact, oo fyoo o (fy)™ L =0 fo- 07 L0 = o - L’ since L° is very symmetric, i.e.
o-L0 =10 If f; € Gm?*(E), then also Q%" € Gm’*(E). Directly from the definition of the
curvature operators, we get the cocycle relations

R°°"=¢goR oo 'oR’, RY=id. (SA.8)
The elementary matrix coefficients of R with respect to L,
RM = (RO)A vy - W (SA.9)

are called curvature forms (of o, L ).

SA.7. Symmetrizability. We say that a connection L = L! (resp. an endomorphism f; €
Gm*(E)) is symmetrizable if all its curvature operators R°"L, o € Xy, belong to the central
vector group Gm* 1 (E), ie. (0o froo ' o(fy)~1)* =0 whenver [(A) < k, or equivalently,

VA : I(A) <k = (o-b) =t

Lemma SA.8. Assume L = LY is symmetrizable. Then the orbit O, := Gm* ¥ (E).L is an
affine space over K. This affine space is stable under the action of the group X which acts by
affine maps on Op .

Proof. All orbits of the action of the vector group Gmk_l’k(E) on the space of connections
have trivial stabilizer and hence are affine spaces. Let us prove that Op is stable under the
action of o € Iy for f. € Gm*~VF(E),

0.fo.L = (00 fooo V).0o.L = fy.c.ROV.L

belongs to the orbit Gm* " *(E).L = Oy, since both f,.. and R>L belong to Gm*~"*(E).
Next, we show that the last expression depends affinely on ¢: indeed, conjugation by o is a
linear automorphism of the vector group Gm*~"*(E) (the action ¢* - (0.c)*, for the only
non-trivial component A = {{1},...,{k}}, is the usual action of the permutation group on k-
multilinear maps V¥ — V', which is linear), and hence f..L ~ f,...L is a linear automorphism
of the linear space (Op,L). Composing with the translation by R%F, we see that f..L
RoL f, ..L = 0.(f..L) is affine. [ ]

Corollary SA.9.  Assume that L = L° is symmetrizable and that the integers 2,...,k are
invertible in K. Then the barycenter of the Xy -orbit of L,

1
Lsym = 75 Y vLeOg (SA.10)

T vex,

is well-defined and is a very symmetric linear structure on E. Assume that, in addition, L is
invariant under Xp_1. Then

k
Lsym = % > (12---k).L. (SA.11)
j=1

Proof. For any finite group I', acting affinely on an affine space over K, under the suitable
assumption on K, the barycenter of I'-orbits is well-defined and is fixed under T' since affine
maps are compatible with barycenters. This can be applied to the situation of the preceding
lemma in order to prove the first claim. Moreover, if ¥;_;.L = L, then Xy.L = Z/(k).L, where
Z/(k) is the cyclic group generated by the permutation (12---k), and we get (SA.11). [

Summing up, P := % Euezk v may be seen as a well-defined projection operator on the space
of all symmetrizable linear structures, acting affinely on orbits of the type of O and having as
image the space of all very symmetric linear structures. The fibers of this operator are linear
spaces, isomorphic to the kernel of the symmetrization operator on multilinear maps V* — V.
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SA.10. Bianchi’s identities. Assume L satisfies the assumptions leading to Equation (SA.11).
Then RIsv= =0 since Lgym is very symmetric; on the other hand,

k
0 = Rlsym = %ZR(M---W.L _

=1

k
> (12---k)’.R". (SA.12)

| =

Thus the sum of the cyclically permuted k-multilinear maps corresponding to R vanishes;
for k = 3 this is Bianchi’s identity. Also, if o is a transposition, then R° has the familier
skew-symmetry of a curvature tensor: this follows from the cocylce relations

id=RY=R" =¢oR°00oR;

but under the assumption of SA.9, the composition of the curvature operators is just vector
addition in the vector group Gm*~"*(E), whence

0=0o0R%00+ R, (SA.13)

expressing that the multilinear map R’ is skew-symmetric in the i-th and j-th component if
o= (ij).

Shift operators and shift invariance

SA.11. Shift of the index set. For i # j, the (elementary) shift of the index set I = 2N* (in
direction j with basis i) is defined by

A ifi ¢ A,
si=s; 2V 5 2N g(4) = {Au {j} ifie A ¢ A, (SA.14)
%) ifi,j € A
In terms of multi-indices,
a ifa; =0,
s=s: Iy = I, s(a)= {a+ej ifa; =1,0; =0, (SA.15)

0 ifaizl,ajzl.

Then sos(A) = A if i € A and s o s(4A) = O else; hence s o s is idempotent and may be
considered as a “projection with base i”. We say that the shift is positive if i > j (“base index
> direction index”; this is the natural way shifts arise in differential geometry). More generally,
one could define shifts into a general direction B € I, .

SA.12. Shift operators. We continue to assume that E is of tangent type. Then, with respect
to the linear structure L9, there is a unique linear map S := S;; : E — E corresponding to the
elementay shift s of the index set, called an (elementary) shift operator

Vo ifa; =0,
S:=8;:E—E, S(va)=idga)(va)= {ida,a+8j (va) ifa;=1,a;=0,  (SA.16)
0 ifaizl,ajzl.
The components of S;;v are then given by
Vg if ﬂ, = 0,
(Sij(0) = pry(Sijv) = pra(d_ Sijva) = {idﬂ—ej,ﬂ(vﬁ—ej) if i =1=4;, (SA.17)
o 0 if ;i =1,8; =0.

We say that S;; is a positive shift if ¢ > j. Note that S oS = p;_.; is the projection given by
(MA.18) corresponding to 3 =1 — e;, and that S;; preserves the factors of the decomposition
E = ‘71_5,- ® H; (cf. Eqn. (MA.20)); it acts trivially on the first factor and by a two-step nilpotent
map €; on the second factor, as may be summarized by the following matrix notation:

1 1 0
5“'-( 23)-(0 5].)-

The shift operators are not intrinsic with respect to the whole general linear group Gm"*(E)
but only with respect to a suitable subgroup.
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Proposition SA.13.  The map f° commutes with the shift S = S;; if and only if the following
holds: for all o € It, such that oz =1 and o = 0 and for all X € P(a) the following diagram
commutes: N
VA1X...XVA1 b—) Va
Sx...xS8] 1S (SA.18)

s-A

Var X...XVAmU{i} X ...X Vu b—> Vs.a

where m is the (unique) index such that i € A™. In this case, sA = {sAl,... sA!} =
{AY, ..., A™ U {i},...,A!} is a partition of sa = a U {i}, so that b** is a matriz coefficient
of f°.

Proof. On the one hand,

F(Si@) =3 D b ((Sigv)ars-- -5 (Sigo)ar)

a AeP(a)
=Y broan,-on)+ Y BN(Siv)ar, .-, (Sv)a) =t A+ B,
cxz-a=0 ai=i‘=aj

where A corresponds to sum over all o with a; = 0 (in this case we have also (A"); = 0 for
all ¢, and hence the shift s;; fixes these indices), B corresponds to the sum over all a with
o; = 1 = o, and the term corresponding to the sum over all o with a; =1, a; = 0 is zero
since then there exists r = r(A) with (A"); =1 and (A"); = 0, and hence (S;jv)a» = 0. On the
other hand, by definition of S;;,

Si(fo()) =853 D brwa) =Y Y Sii(0"(va))

o AEP(a) & AEP(a)
=Y Y Bt Y Y e o) = A+ B,
a,-a=0 A€P(a) Qi=faj=0 AeP(a)

where the first term A coincides with the first term of the preceding calculation. Comparing, we
see that f,o0S;; = S;jo fp iff B = B'. Let us have alook at B: if a; = 1 = «;, then for a given
A € P(a) two cases may arise:
(a) either there exists m = m(A) such that 4,5 € A™; then b™((Siv)a1,...,(Siyv)a) =
b (vt ... yidam —e; Am (VAm —¢; )5+ - -, UpL), OF
(b) there exists m # n such that ¢ € A™, j € A". In this case (S;jv)a= = 0, and the
corresponding term is zero.
Thus we are left with Case (a). In this case we let y:=a —e;, A':={A},...,A™ —¢;,...,Al};
then A’ € P(vy) and A = s(A'), a = s(v), and the condition B = B’ is seen to be equivalent to
the condition from the claim. ]

Let us define the following subgroups of Gm"*(E):

Shi"*(E) := {f, € Gm"*(E)|Vi # j : Sij o fo = fo 0 Sij},

Lk Lk T (SA.19)

Shi;*(E) := {fy € Gm""(E)|Vi > j : Sijj o fo = fp 0 Sij}.
For k = 2 the only target space for non-trivial multilinear maps is Vj; and the only non-trivial
partition is A = ((01), (10)), which corresponds to Case (b) in the preceding proof, whence
Gm"?*(E) = Shi**(E) (cf. also Section BA.4). We will see that the condition from Prop. SA.13
really has non-trivial consequences if k£ > 3.

Theorem SA.14. Assume that k > 2 and that the connection L is invariant under all shifts.
Then L is symmetrizable, and (if the integers are invertible in K) Lgym is again invariant
under aoll shifts. Equivalently, if fy € Shil’k(E), then f° is symmetrizable, and fSY™® belongs
to Shiv*(E) N Vsm"*(E).
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Proof. We prepare the proof by some remarks on shifts. The shift maps s;; : Iy = I
are “essentially injective” in the sense that, if § # 0, then there is at most one « such that
sij(@) = B, and similarly for partitions. Then we write a2, having in mind that o is uniquely
determined by 3. Now let us look at the following pattern of correspondences of (ordered)
partitions of length 2 for k = 3:

({2},{3,1}) ({2,3},{1}) ({3}, {1,2})

§31 813 8§23 832 8§12 8§21

@@Ly ¥ @y @ @iy Y @hey

If f, is invariant under all shifts, then the maps b* corresponding to the partitions of the
preceding pattern are all conjugate to each other under the respective shifts. But this implies
that that they are also conjugate to each other under the transpositions as indicated in the bottom
line, and by composing the three transpositions, we see that also the effect of the transposition
(32) on the partition ({2},{3}) is induced by the shift-invariance. (At this point, the reader
may recognize the famous “braid lemma” in disguise.) Also, the partitions from the top line
are conjugate to each other under permutations (here the order is not important since their two
elements are already distinguished by their cardinality). Summing up, for [(A) = 2, all bilinear
maps b%A, o € ¥3, are conjugate to b* under o, and according to (SA.10), this means that f;
is symmetrizable. This argument can be generalized to arbitrary k£ > 2 and A with [(A) < k
because for all such A there exists € such that one of the relations AZ$Q or QA holds (the
only partition for which no such relation holds is the longest one, A = {{1},...,{k}}). Then,
using the above arguments, one sees that b* and b”* for 7 = (i,j) are conjugate, and so on,
leading to invariance under a set of generating transpositions of X .

Finally, note that, if L = L’ then Lsym = L%™(®  where Sym(b) is obtained by
symmetrising the highest coefficient of . By assumption, f, commutes with all shifts; then
also all elements of the Gm*~1*(E)-coset commute with all shifts since elements of Gm*~1*(E)
commute with all shifts, by Prop. SA.13. Since fsym(;) belongs to this coset, it commutes with
all shifts. Summing up, fsym() € Shi*(E) N Vsm"*(E). u

SA.15. The intersection Vsm"“*(E) N Shi**(E). Assume f, € Vsm"*(E) N Shi'**(E). Then
all components b* of f, for with fixed length I(A) = I are conjugate to each other under a
combination of shifts and permutations: by these operations every partition A of length I can be
transformed into the the “standard partition” {{1},...,{l}} of length . Thus f; is determined
by a collection of k symmetric multilinear maps d : V/ — V where V is the model space
for all V,,. Let us denote by &* : V — V,, the isomorphism with the model space (so that
ida,s = €% 0 (¢”)71). Then f, is given by

o

)= Q0 Y. @)
a1 AEP;(a)
Theorem SA.16.
(1) A maultilinear map f, € Gm(E) belongs to Shi* (E) N Vsm*(E) if and only if there are
symmetric multilinear maps d' : V' — V' such that, if I(A) =1,

b (eMup,,. .., eMup,) = e2d (a,, .. ., va,).

(2) If 2,...,k are invertible in K, then a multilinear map f, € Gm(E) belongs to Shi*(E) N
Vsm”(E) if and only if there is a polynomial map F : V — V of degree at most k such
that fy is given by the following purely algebraic analog of Formula (7.19):

@) =YY" (df)0)(va)

a AeP(a)
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where (d'f)(0) is the 1-th differential of f at the origin. We write this also in the form

fo=(T*F)o.
Proof. The condition from (1) is necessary since by permutations and shifts every partition A
can be transformed into the the standard partition A:={{1},...,{I}} of length I = I(A). Then
we let d' := b™. The condition is also sufficient: with arbitrary choices of symmetric multilinear
maps d', the formula defines a multilinear map f; this map satisfies the shift-invariance and
the permutation-invariance conditions (MG.15 and MG.8) and hence belongs to the intersection
of both groups.

(2) Given f; € Shi*(E) N Vsm*(E), we define d' as in (1) and define a polynomial map

F:V =V by
k
F(z) :=Z
=1

Then we have (d'F)(0) = d', and hence F' satisfies the requirement from (2). Conversely, given
F,welet d := (d'F)(0) and then define f, as in Part (1). [

| =

'dl(w,...,w).

o~

Summing up, in characteristic zero, the group Vsm'*(E) N Shi**(E) can be identified, via the
k-th order tangent functor, with the group S* of invertible elements of the semigroup

S =Pol(V, V) mod I}

of polynomial self-maps of V fixing the origin quotiented by polynomials vanishing at O of order
at least k. This is essentially the jet group G* from [KMS93, Ch. 13].
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PG. Polynomial groups

In the following, we will use the notion of polynomial mappings between modules over a
ring K. If the integers are invertible in K, then this concept is the standard one (polynomial
maps come from sums of multilinear maps which moreover may be assumed to be symmetric);
otherwise there are several concepts which may slightly differ from each other (see Appendix A
of [BGN04]). In order to keep the text in reasonable bounds, we rely on the reader to adapt the
following to the concept he prefers ; at any rate, the main results concerning the exponential
map are only valid if the integers are invertible, and in this case there is no ambiguity on the
concept of polynomial mappings.

PG.1. Definition of polynomial groups. A polynomial group (over a ring K) of degree at most k
(where k € N) is a K-module M together with a group structure (M,m,i,e) such that e =0,
the product map m : M x M — M is polynomial, and all iterated product maps

m(j):Mj—)M, (.Z'l,...,.Z'j)i—).Z‘l"'.’L'j (PG].)

(which are polynomial maps since so is m = m(®) are polynomial maps of degree bounded by
k. (We will see below that this implies that the inversion map also is polynomial.)

PG.2. Our three main examples of polynomial groups are:

(1) The general multilinear group M = Gm"*(E), with its natural chart, is a polynomial group
of degree at most k: with respect to a fixed connection L = L° on E, every f € Gm"F
is of the form f = f® =id+X? with a multilinear family b, and in this way Gm"*(E) is
identified with the K-module M = Mults; of multilinear families that are singular of order
1. The multiplication map m : M x M — M is described by Prop. MA.13: it is clearly
polynomial in (g, f), with degree bounded by k. Applying twice the matrix multiplication
rule MA.13, we get the iterated product map

(m®(h,g, )= Y hZog= o N (PG.2)

E<Q=A

which is again polynomial of degree bounded by k: applied to an element v € E, (PG.2)
is a sum of multilinear terms; every occurence of f,g or h corresponds to a non-trivial
contraction; but in a multilinear space of degree k, one cannot contract more than k
times, so the degree is bounded by k. Similar arguments apply to m) .

(2) For any Lie group G, the group (T*G)., equipped with the K-module structure coming
from left or right trivialization, is a polynomial group of degree at most k — this is clear
from Theorem 24.7 since the Lie algebra (T*g). is nilpotent of order k. (Examples (1)
and (2) make sense in arbitrary characteristic.)

(3) If K is of characteristic zero, then any nilpotent Lie algebra over K, equipped with the
Campbell-Hausdorff multiplication, is a polynomial group of degree bounded by the index
of nilpotence of the Lie algebra.

PG.3. The Lie bracket. We write

k

m(z,y) =S mi@,y) = 3 mpg(e,y) (PG.3)

=0 p+q<k

for the decomposition of m : M x M — M into homogeneous polynomial maps m; : M XM — M,
resp. into parts my 4(2,y), homogeneous in & of degree p and in y of degree ¢. The constant
term is mgo(z,y) = mo(0,0) = 0, and the linear term is my(z,y) = mi1((z,0) + (0,y)) =
m1(z,0) + m1(0,y) = = + y, whence mio(z,y) = x, mo1(z,y) = y. For j > 1, we have
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mjo(x,y) = 0 = mg;(z,y) since mjo(z,y) = m;o(z,0) is the homogeneous component of
degree j of z — m(z,0) ==x. Thus

m(z,y) =z +y+mia@y)+ D mpe(e,y)

p+g=3,....k
p,q21

with a bilinear map mq; : M x M — M. Similar arguments (cf. [Bou72, Ch.III, Par. 5, Prop.
1]) show that

7! =i(z) = —x + my1(z,7) mod deg 3
zyz~ ' =y +mi1(z,y) — m1,1(y, ) mod deg 3 (PG.4)
zyz ty Tt = m11(z,y) — ma1(y,z) mod deg 3,

(where mod deg 3 has the same meaning as in [Bou72, loc.cit.]), and one proves that

[z,y] :==mqy1(z,y) —mi1,1(y, ) (PG.5)

is a Lie bracket on M . Let us describe this Lie bracket more explicitly in case of the examples
PG.2, (1) - (3):

(1) Recall Formula (MA.19)(or Prop. MA.13) for the components of the product m(g, f) = go f
in the group Gm"*(E). It is linear in g, but non-linear in f. The part which is linear in
f is obtained by summing over all partitions 2 such that A is a refinement of 2 of degree
one, i.e. there is exactly one element of ) which is a union of at least two elements of A,
whereas all other elements of Q are also elements of A. Thus, if we define the degree of
the refinement (A, Q) to be the number of non-trivial contractions of A induced by :

deg(QA) := card{w € Q|w ¢ A},

then
ml,l(gaf)A = Z g% o leA-

Q<A
deg(Q[A)=1

Viewing f and g as polynomial mappings £ — E and with the usual definition of

differentials of polynomial maps, this can be written m1,1(g, f)(z) = dg(z) - f(z), and

thus

9, f1(z) = dg(z) - f(2) — df (x) - ()

is the usual Lie bracket of the algebra of polynomial vector fields on E. We denote the Lie
algebra thus obtained by gm!*(E). It is a graded Lie algebra; the grading depends on the
linear structure L°, whereas the associated filtration is an intrinsic feature, given by

gmbF(E) D gm®>*(E) O ... D gmF~L¥(E),

where gm?*(E) = Mults;(E) is the K-module of multilinear families that are singular of
order j.

(2) For M = (T*G),, we recover the Lie algebra (T*g)¢ of (T*G)., as follows easily from the
fundamental commutation rule (24.1).

(3) Since the first terms of the Campbell-Hausdorff formula are X +Y + £[X, Y] + ..., we get
the Lie bracket we started with: $[X,Y]— 1[Y,X] = [X,Y].

PG.4. The power maps. We decompose the iterated product maps into multihomogeneous
parts,
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(where the m,(,j ),___,pj can be calculated in terms of m,, 4, but we will not need the explicit formula)

and (following the notation from [Bou72] and from [Se65, LG 4.19]) we let

i M—> M, zw— Z my) (z,... ). (PG.6)

P1,--5Pj
P1y--,p >0

Since the degree of m() is bounded by k and > Pi is the degree of a homogeneous component
of m9) | it follows that v; = 0 for j > k. By convention, to(z) = 0; then 1, (z) = = and

?=m(z,z)=z+z —}-Zmi(x,x) = 2¢1(z) + Y2 (2),

i>1
3_ . (3 _ 3
2* =m® (z,z,2) = E mélsz’p3(w,x,x)
P1,p2,p320

=C >+ D>+ D>+ >+

p1,p2,p3#0  p1=0,p2#0,p3#0  pa=0,p1#£0,p3#£0  p3=0,p27#0,p1#£0

Z + Z + Z + Z ) (mg)’m sP3 (:E’ T, .Z'))

p1=0,p2=0,p37#0  p1=0,p3=0,p2#0  p2=0,p3=0,p17#0 Pp1=p2=p3=0

= 3(x) + 3tp2(z) + 31 (z) + o ()

" = i (7;) CHEIR

=0

See [Bou72, III, Par. 5, Prop. 2] for the details of the proof (mind that ¢; = 0 for j > k). The
last formula holds for all n € N and in arbitrary characteristic.

PG.5. One-parameter subgroups. From now on we assume that the integers are invertible in
K. Then, for fixed z € M, we let

k
f=fo: K> M, teazt =Z(;>zp](x) (PG.7)
=0

Clearly, f is a polynomial map (of degree bounded by k), and we have just seen that f(¢t+s) =
f()f(s) for all t,s € N. But both sides of this equality depend polynomially on (¢,s) € K2,
and hence they agree for all ¢,s € K (here we use that, by our assumption on K, the cardinality
of K* is infinite). Since f(n) = z™ for n € N, we may say that f, is a one-parameter subgroup
through x. In particular, it follows that

Ny} LA
”422(->M@=ZPW%®, (PG.8)
=\ =0

and hence the inversion map is a polynomial map of degree bounded by k. Note that f, is not
a one-parameter subgroup “in direction of z” since the derivative f'(0) is not equal to z but is
given by the linear term in

t(t—1) t(t—1)(t - 2)

Ua(@) + (@) + .

=t(x — %1/)2(3:) + %1/)3(37) +...)modt?

folt) =t +

Thus, in order to define “the one-parameter subgroup in direction z”, all we need is to invert
-1
the polynomial Zﬁ:l g_—lpprp(:c). This is essentially the content of the following theorem:
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Theorem PG.6. Assume M is a polynomial group over a base ring K such that the integers
are invertible in K. Then there exists a unique polynomial exp : M — M such that

(1) for all X € M and n € Z, exp(nX) = (exp X)",

(2) the linear term of exp is the identity map of M.

The polynomial exp is bijective, and its inverse map log : M — M is again polynomial. We

have the explicit formulae
k

exp(z) = z l‘wp,p(w)

=1 p:
k o1
log(z) = 3 %wm

where p m 1s the homogeneous component of degree m of .
Proof. We proceed in several steps.

Step 1. Uniqueness of the exponential map. We claim that two polynomial homomorphisms
fig : K > M with f'(0) = ¢'(0) are equal (here we use the standard definition of the
derivative of a polynomial). Indeed, this follows from general arguments given in [Se65, p.
LG 5.33]: f,g being homomorphisms, they satisfy the same formal differential equation with
same initial condition and hence must agree. It follows that, for every v € M, there exists at
most one polynomial homomorphism +, : K — M such that v/(0) = v. On the other hand,
Property (1) of the exponential map implies that exp(tX) = (exp X)? for all ¢t € K and hence
exp((t + 8)X) = exp(tX) - exp(sX) for all ¢,s € K. Invoking Property (2) of the exponential
map, it follows that the exponential map, if it exists, has to be given by exp(v) = v,(1).

Step 2. We define the logarithm by the polynomial expression given in the claim and
establish the functional equation of the logarithm. As remarked before stating the theorem,
log(z) = f.(0). This implies the functional equation

VneZ: log(z")=nlog(z).

Indeed, from f,(n) = z™ = fz= (1) we get fr(nt) = fun(t) for all ¢t € K and hence

log(a") = Sli=ofon (8) = limafo(nf) = nlog(a).

This implies log(x!) = tlog(z) for all ¢t € K.

Step 3. We define exp by the polynomial expression given in the claim and show that
logoexp = idps. In fact, here the proof from [Bou72, ITI. Par. 5 no. 4] carries over word by word.
We briefly repeat the main arguments : for ¢t € K* |

log(tz) = tlog((tz)' ) = tlog( Y t™ "¢, m(x)), (PG.9)

r<m

where the polynomials ¢, ,, are defined by the expansion
! = Z t"prm(x)
r,m

into homogeneous terms of degree r in ¢ and degree m in x. From the definition of z! and of
the components v, ,, one gets in particular

—1)p1
‘Pl,m(w) = Z %"pp,m(m)a ‘pm,m(x) = %wm,m(x)'

p<m
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One notes also that ¢, , =0 if m < p. Taking %|t:0 in (PG.9), we get
1
z= 108;(2 Pm,m(T)) = IOg(Z mzpm,m(x)) = log(exp(z)).
m m

Step 4. We show that expolog =idys. We let

Yo (t) = fexp(v) (t)

Then 7v,(0) = fg,p)(0) = log(exp(v)) = v by Step 3, and hence the preceding definition is

consistent with the definition of ~, in Step 1. We have

’Yv(l) = fexp(v)(l) = exp(v).
The uniqueness statement on one-parameter subgroups from Step 1 shows that fz = 7,g(5) since
both have derivative log(z) at t =0. Thus z = fz(1) = Viog(2)(1) = exp(log(x)).

Step 5. We prove that exp satisfies (1) and (2). In fact, Property (2) follows from the
fact that ®¥;(z) = ¥ ;(z) = z. Since exp = (log)™!, the functional equation (1) follows from
the functional equation of the logarithm established in Step 2. (One may also adapt the usual
“analytic” argument: from the uniqueness statement on one-parameter subgroups from Step 1
we get i (1) = v, (t), which yields exp(tv) = (expwv)? and hence the functional equation (1).)m

Let us add some comments on the theorem and on its proof. In the theory of general formal
groups, the existence and uniqueness of formal power series exp and log with the desired
properties is proved by quite different arguments: in [Bou72, Ch.III, Par. 4, Thm. 4 and Def. 1]
the existence of an exponential map is established by using the theory of universal envelopping
algebras of Lie algebras, and the argument from [Se65, LG 5.35. — Cor. 2] relies heaviliy on the
existence of a Campbell-Hausdorff multiplication. On the other hand, we have the impression
that, with the necessary modifications, our arguments should carry over to the case of power series
instead of polynomials. This would have the advantage that the existence of an exponential is
proved by “elementary” methods which are close to the usual notions of analysis on Lie groups.

PG.7. Examples. Let us give a more explicit description of the exponential maps for our
examples PG.2 (1) — (3).

(1) Let X = X* € M = gm"*(E), where b is a multilinear family b, singular of order 1.
Then, for I(A) > 1,
k
exp(X)N =pA +3 4 o0V o o9 (pGLIo)
=277 aM<..<al)=a
deg((?)|Qli+1))=1
Moreover, if E is of tangent or bundle type (Chapter SA), then the very symmetric
and the (weakly) symmetric subgroups of Gm"*(E) are again polynomial groups, and
the polynomial exp commutes with the action of the symmetric group (this follows from
functoriality of exp). Thus the exponential map of Sm™*(E) and of Vsm"*(E) is given
by restriction of the one of Gm"*(E). In particular, we get a combinatorial formula for
the exponential map of the “jet group” Vsm"*(E)NGm"*(E) (cf. [KMS93, Section 13.1]).

(2) See Theorem 25.2.

(3) If M is a Lie algebra with Campbell-Hausdorff multiplication, then exp is the identity map
(here 9; =0 for j > 2, and this property characterizes the “canonical chart”, cf. [Bou72,
III. Par. 5, Prop. 4]).

Concerning Example (1), we add the remark that, even if the integers are not invertible in
K, it is possible to express the group law of the general multilinear grou Gml’k(E) in terms
of the Lie bracket, by a formula similar to the one given for higher order tangent groups in
Theorem 24.7. In any case, it can be shown that the filtration of the Lie algebra gm!*(E)
has an analog on the group level: the chain of subgroups from part (3) of Theorem MA.6 is a
filtration of Gm"*(E) by normal subgroups in the sense that the group commutator satisfies
[Gm**(E), Gm?*(E)] ¢ Gm*™*(E). Finally, we note that in all three examples the group M
is nilpotent. One should think that this is a general property of polynomial groups, but this is
not obvious.
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Theorem PG.8. Under the assumptions of the preceding theorem, the multiplication on a
polynomial group is the Campbell-Hausdorff multiplication with respect to the polynomial exp
from the preceding theorem. In other words, xxy := log(exp(z)exp(y)) is given by the Campbell-
Hausdorff formula, with the Lie bracket defined by (PG.4). The Campbell-Hausdorff multiplica-
tion is again polynomial.

Proof. The first claim follows from a general result on formal groups characterizing the
exponential map as the unique formal homomorphism from the Campbell-Hausdorff group chunk
to the group having the identity as linear term (cf. [Bou72, Ch.ITI, Par. 4, Th. 4 (v)], see also
[Se65, LG 5.35]). In our case, the Campbell-Hausdorff multiplication is polynomial since since

so are exp, log and the “original” multiplication. ]
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