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Introduction

This is the fifth and definitely last part of the series “Differential Geometry over
General Base Fields and Rings” (prépublications de I'Institut Elie Cartan 2003/47,
2004/39, 2004/40 and 2004/41). It completes parts of the program of “formal differential
geometry” set in Part II (Higher Order Geometry) and illustrates, for the example of
flows of vector fields and the exponential jet, that it is indeed possible to work out a
differential geometry “at arbitrary order” without ever using any result on solutions of
differential equations.

1. The group Diff(M). If M is a manifold, then the group G := Diff(M) of all
diffeomorphisms of M is in general not a Lie group. However, quite often it is useful
to think of G as a Lie group with Lie algebra X(M), the Lie algebra of vector fields
on M, and exponential map associating to a vector field X the flow Flf( € G at time
t = 1. Then, according to the approach used in Parts II and III of this work, we would
like to analyze the group G by studying the higher order tangent group T*G and its
fiber (T*G), over the origin e € G. Tt turns out that this approach makes perfectly
sense for any manifold M over a general base field or -ring K: one can define a family
of groups G¥(M) taking the role of T*G; more precisely, there is an exact sequence of
groups

1 — X*(M) - G¥(M) — Diff(M) — 1 (S)

such that the normal subgroup X*(M) of G¥(M) is a polynomial group in the sense
of Chapter PG (Part IV), whence behaves in all respects like a honest Lie group. The
group X¥(M) is (isomorphic to) the space of sections of the iterated tangent bundle
T*M over M. For K= R and M finite-dimensional, it is known that this space carries
a natural group structure (this result is due to Kainz and Michor, [KM87, Theorem
4.6], see also [KMS93, Theorem 37.7]); we generalize this fact to the case of manifolds
over general base fields and -rings, and we characterize the groups X*(M) and G*(M)
as diffeomorphism groups of T*M: they are precisely the groups of diffeomorphisms
of T¥M that are smooth over the ring T*K = Kley,...,ex] and fix (resp. permute)
fibers over M. Then a splitting of the exact sequence (S) is simply given by Diff (M) —
Gk (M), g — T*g, and thus G*¥(M) is a semidirect product of Diff(M) and X*(M).
In particular, G1(M) = X(M) x Diff(M) plays the role of a “tangent group” TG of
G = Diff(M). In a similar way, all other features of Lie theory as developed in Part
I1I of this work carry over the situation G = Diff(M), T*G = G*¥(M): there are left-
and right trivializations, and (if the integers are invertible in K) there is an exponential
map in the fiber over e; these three maps are bijections between the space of sections of
the azes-bundle A¥M (cf. Part IT) and the space of sections of T* M . Every vector field
X : M — TM defines a symmetric section §X : M — A* M, and its exponential image is
a section exp(6X) : M — T* M , hence gives rise to a diffeomorphism & : T*M — TFM .
If X admits a flow Fl;X : M — M in the classical sense (e.g., if X is a complete vector
field on a finite-dimensional real manifold), then the map @ is closely related to the
higher order tangent map of the flow, T%(F1*) : T* M — T* M (see Section 29.6 for the
precise conditions). Summing up, we have constructed an algebraic substitute of the
“missing exponential map” of the group Diff(M).

2. The exponential jet of a connection. Assume M is a real finite-dimensional
(or Banach) manifold equipped with an affine connection on the tangent bundle 7'M .
Then, for every z € M, the exponential map Exp, : U, — M of the connection is a
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local diffeomorphism from an open neighborhood of the origin in 7, M onto its image
in M. Applying the k-th order tangent functor, we get T* Exp, : T*(U,) — T*M,
inducing bijections of fibers

(TFExp,)o, :  (A*M), == (TF(TyM))o, — (T*M),.

The bundle A*M over M is just a direct sum of a certain numbers of copies of the
tangent bundle TM , thus is a vector bundle, called the (k-th order) azes-bundle of M,
and the bijections of fibers fit together to a smooth bundle isomophism T* Exp : A*M —
Tk M , which we call the ezponential jet of the connection. This isomorphism is of basic
interest because it permits to translate, in a most canonical way, the complicated, non-
linear and filtered geometry of the bundle T*M , to the linear and graded geometry of
the bundle A*M .

For a general base field or ring K, there is no exponential map Exp, , but still it is
possible to construct a bundle isomorphism A* M — T* M having all the good properties
of the exponential jet and coinciding with 7% Exp in the real finite-dimensional or
Banach case. In Chapters 30 and 31, we construct this isomorphism first for Lie groups
and symmetric spaces, and then give a sketch of how defining it for a general (torsionfree)
connection.

3. Problems and further topics. In Part I of this work, a final section “Problems
and further topics” was anounced. However, for the reader who followed the text up
to this point, it will be obvious that the range of problems and further topics is too
vast to be summarized on a few pages. A compiled version of all parts together will,
hopefully, soon be available on my homepage and on the arXiv; but even then the text
is not meant to be the definitive version of a theory but rather a first step towards it.
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14. The Lie bracket revisited

14.1. Subgroups of the group of diffeomorphisms of TT M . The group I' := Diff(TT M)
of diffeomorphisms (over K) of TTM contains several subgroups which are defined
via the behaviour with respect to the projections p; : TTM — TM, i = 1,2 and
p: TTM — M (cf. also Section BG.1):

(1) Let 't be the subgroup preserving fibers of the projection p : TTM — M
and permuting the fibers of p; and those of py. In a chart, f € I't is rep-
resented by f(z + e1v1 + e2v3 + €162v12) = (z + erfi(z,v1) + eafo(z,v2) +
e1€2f12(, €11, €22, €162012)) -

(2) Let I'! be the subgroup of 't preserving all fibers of the projection p;. In a chart:
f(z + e1v1 + €202 + €162v12) = T + €101 + €2 fo(T, v2) + €162 f12(T, V1, V2, v12))

(3) Let I'? be the subgroup of I'T preserving fibers of p, and permuting those
of Pi1: in a chart, f(IE + €1v1 + €919 + 81821]12) = (:/v + 61f1(I,’Ul) + €219 +
6162’012f12($,81711,52112,51821112))

(4) Let T2 = I'' N T2 be the subgroup preserving all vertical spaces; in a chart,
(x4 e1v1 + €202 + €162012) = (T + €101 + €202 + €182 f12(T, €11, €202, €1€2012) -

It is clear that I'! and I'? are normal subgroups in I't. Therefore, if ¢ € I'* and h € I'2,
it follows that the group commutator [g,h] = (ghg~')h~! = g(hg='h™!) belongs both
to T'' and to I'? and hence belongs to I''2. In Theorem 14.4 we will express the Lie
bracket of vector fields in terms of this commutator.

14.2. Sections of the second order tangent bundle. We denote by X?(M) := T'(M,T?>M)
the space of smooth sections of the bundle T72M — M. In a chart with chart domain
U C M, we write T?U =2 U x €1V x €3V x €162V, and a section X : U — T?U is
written in the form

X(p) =p+e1X1(p) + £2Xa(p) + €162 X12(p) (14.1)

with (chart-dependent) vector fields X, : U — V. Moreover, X is a section of J?M —
M if, and only if, in any chart representation we have X;(p) = Xa(p) for all p € U.
There are three canonical injections of the space of vector fields X(M) into X?(M)
which simply correspond to the three canonical inclusions of axes v : TM — TTM,
a =01,10,11, by letting e*Y :=1,0Y : M — TTM for a vector field Y : M — TM.
In the notation (14.1), these are the sections X with X, =Y and Xg =0 for § # a.

Theorem 14.3.

(1) There is a natural group structure on the space X2(M), given in a chart represen-
tation as above, by the formula

(X -Y)(z) = 7+ e1(X1(2) + Y1(2)) + e2(Xa(z) + Ya(z))+
5182(X12(£E) + Y12(.’L') + Xm(ZE)Y2(.’L') + dXQ(LII)Yl(.’L'))

The space T'(M,J?M) of sections of J2M is a subgroup of X?(M), and the three
canonical injections X(M) — X2(M) are group homomorphisms (where X(M) is
equipped with addition of vector fields).
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(2) Every X € X2(M) gives rise, in a natural way, to a diffeomorphism X :T2M —
T?M , which, in a chart representation as above, is described by
X (2 + 101 + €200 + €169012) =  + £1(v1 + X1(z)) + €2(v2 + Xa(z))+
e1€2(v12 + X12(z) + dX1(x)vg + dXo(x)vy).

(3) The map X2(M) — Diff(TTM), X — X is an injective group homomorphism.

Proof. (2) We fix a point p € M and define X on a chart neighborhood 72U of p by
the formula given in the claim. We then have to show that this definition is independent
of the chosen chart. This, in turn, amounts to proving that the map X — X is natural
in the following sense: for all local diffeomorphisms f defined on a neibhborhood of z,
we have f, X = (f+«X), where f, is the natural action of f on Diff(TT'M), resp. on
X%(M) by fih = T?foho (T?f)71, resp. by fuX = T?f o X o f~1. In order to get
rid of the inverse, we show, more generally, that, if X, Y € X2(M) are f-related (i.e.
T?foX =Y o f) for a smooth map f:U — M, then T2fo)z :f’oT2f. Now,

T*f ()Z'(:v + €101 + €202 + €162012)) =
f(z) + e1(df (z)(v1 + X1(2))) + e2(df (z) (v2 + X2(2))) + €182
(df (z)(v12 + X12(z) + dX1(2)ve + dXo(z)v1) + d2f(z) (v1 + X1 (), v2 + Xa(2))),

Y (T2 f(z + €101 + 203 + £162012)) =

f(
f(@) +e1(df (z)v1 + Y1 (f(2))) + e2(df (z)v2 + Ya(f(2))) + €162-
(d® f () (v1,v2) + df (z)v12 + dY1(f (2))df (x)v2 + dY2(f (z))df (x)v1)

and both expressions are equal if X and Y are f-related. Thus the map X :TTM —
TTM is well-defined and natural in the sense explained above. It is bijective: in fact, a
direct check shows that its inverse is Z with a section Z : M — TT M defined by

Z(.T) =T — Ele(ZE) —€2X2(£L‘) - 6162(X12(.’L') — (dX]_(.T)X2(.T) +dX2(.’L')X1 (.’L‘))) (14.2)

Proof of (1) and (3). By comparing the formulas from parts (1) and (2) of the
claim, we see that (X - Y)(z) = X(Y(z)). Letting v := Z(z), it follows that the
relations )/(:17(1)) = XoY(v) and (X-Y)-2Z)(z) = (X - (Y - Z))(z) (associativity) are
equivalent. One may check one or the other of these relations by a straightforward direct
calculation. Moreover, as remarked above, X! = Z with Z as in (14.2). Summing up,
X2(M) is a group (with neutral element the zero section), and X +— X defines an action
of this group on TTM . The action is faithful since, if X (z) =  for all z € U, then
X1(z) = 0 = X5(z) and thus also Xi2(z) =0 for all z € U. Moreover, it is clear from
the explicit formula that, if X, Y are sections of J2M , i.e., X; = X, and Y; = Y5, then
X -Y is again a section of J2M over U, and similarly for the inverse, hence the sections
of J2M form a subgroup of X2(M). Finally, the explicit formula also shows that, if X
and Y are vector fields, seen as elements of X2(M) in one of the three canonical ways,
then X -Y simply corresponds to the sum X 4+ Y of vector fields. ]

For a conceptual, chart-independent definition of the group structure on the space
(M, T*M) of sections of T¥M over M, see Theorem 28.2.
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Theorem 14.4.  The group commutator in the group X2(M) and the Lie bracket in
X(M) are related via
[81X, 52Y]22(M) = 8162[X, Y]

forall X, Y € X(M). Equivalently, the group commutator in the group Diff(TT M) and
the Lie bracket in X(M) are related via

61X, 65Y] = e165[X, Y.

Proof. Wefix x € M. Let X : M — TM be a vector field. It gives rise, via the
three imbeddings X(M) — X?2(M), to three diffeomorphisms of TTM . Specialising
the chart formula from Theorem 14.2 (2), these three diffecomorphisms are described by

g;j((x + 101 + £9U2 + €169012) = z + £1(v1 + X (x)) + €202 + €162(v12 + dX (2)v2),
E9 X (2 + €101 + €202 + £160v12) = T + £101 + E2(v2 + X(2)) + £162(v12 + dX (z)v1)
e160X (2 + €101 + €202 + €162V12) = T + €101 + €202 + £162(v12 + X ().
(14.3)
We observe that these diffeomorphisms belong to the groups I'?,I'! resp. I''? defined
in Section 14.1. (Without using Theorem 14.3, these diffeomorphisms may be defined
as follows: the first two maps may also be seen as the tangent maps 7., X of the
infinitesimal automorphism X : TM — T M , and the third map is defined by translation
in direction of the vertical bundle VM C TTM , and such translations are canonical
in the bilinear space (T'T'M),, cf. Chapter BA.) Thus, if X and Y are vector fields,
both diffeomorphisms ¢; X and e3Y preserve the fiber (T'T'M), and are represented in
a chart V x V x V of this fiber by bijections g and h of the fiber given by

g9(v,2’, ") = (v+a,2" v + o(a)),  h(v,2,0") = (v,2" +b,v" + B(v))
with a = X(z), b=Y (z), a = dX(z), f = dY (z). Then we obtain for the commutator

lg,h](v,z',v") = gh(v — a,z’ — b,v' — oz’ — b) — B(v))
=g(v—a,z',v" —alz’ —b)B() + Bv —a))
=g(v,z',v" — a(z") + a(b) — B(a) + a(z’))
= (v,2’,v" + a(b) — B(a)).

The value at 0, is therefore given by

[ga h](ov 0, 0) = (07 0, a(b) - ﬂ(a))
= (0,0,dX(2)Y(z) — dY ()X (z)) = (0,0,[X,Y](z)) = e162[ X, Y](z)

by definition of the Lie bracket in Theorem 4.2. ]

14.5. Remark on definition of the Lie bracket and the Jacobi identity. The definition
of the Lie bracket via Theorem 4.2 is not very conceptual. Theorem 14.4 offers a
more conceptual way of defining it: for two vector fields X,Y € X(M), there exists

a unique vector field [X,Y] € X(M) such that the group commutator [5/17(, efg\f’] agrees
with €162[X,Y]. It is then easily seen that [X,Y] depends K-bilinearly on X and Y

and that [X,X] = 0. One would like, then, to prove the Jacobi identity by intrinsic
arguments not involving chart computations. For this, it is necessary to invoke the third
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order tangent bundle T2M and the natural group structure on the space X3(M) of its
sections (Theorem 28.2). Then the Jacobi identity can be proved in the same way as is
done for the Lie algebra of a Lie group in Section 24.4.

Essentially, this strategy of defining the Lie bracket and proving the Jacobi identity
is used in synthetic differential geometry, and it also corresponds to the definition of the
Lie algebra of a formal group (see [Se65]). In the framework of formal groups, the Jacobi
identity is obtained by a third order computation from Hall’s identity for iterated group
commutators,

[[u, v], w*][[w, u], v*][[v, w], u’] = 1,

(here, z¥ = yxy~!) which is valid in any group (cf. [Se65, p. LG 4.18]). Compared to
our framework, this proof rather corresponds to using the bundle J*M which is more
complicated than T2M since it does not have “axes”. Similar arguments are used for
the proof of the Jacobi identity in synthetic differential geometry, cf. [Lav87, p. 74 ff]
and [MR91, p. 187/88].
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28. Group structure on the space of sections of T*M

28.1. Groups of diffeomorphisms. We denote by G¥(M) := Diff pug (T*M; M) the
group of diffeomorphisms f : T*M — T*M which are smooth over the ring T*K and
preserve fibers of the bundle T*M — M. In particular, G°(M) = Diffg(M) is the
usual group of diffeomorphisms of M. There are natural projections and injections

G*(M) — Diffg(M), F+ f:=mo F oz,
Diffx (M) — G*(M), f — T*§,

where 7 : T*M — M and z: M — T*M are the canonical maps.

28.2. The space of sections of T*M . We denote by X*(M) := I'(M,T* M) the space
of smooth sections of the bundle TM — M. A chart ¢ : U = V induces a bundle
chart T*¢p : TFU — T*V , and with respect to such a chart, a section X : M — T*M
over U is represented by

X(z)=x+ ) " Xo(z) (28.1)
a>0

with (chart-dependent) vector fields X, : U — V. The inclusions of axes i, : TM —
T*kM induce inclusions
(M) — X¥(M), X 140X =e%X.

We call such sections (purely) vectorial.

Theorem 28.3.

(1) Every section X : M — TEM admits a unique extension to a diffeomorphism
X :TFM — IkM which is smooth over the ring T*K. Here, the term “extension”
means that X oz = X, where z : M — T*M s the zero section. In a chart
representation as above, this extension is given by

X(z + Zaava) =z+ Zsa(va + X (z)+

||

Z Z Z (dl_lXAJ')(iU)(UAl,...,@\Aj,...,’qu))

1=2 A€P;(a) j=1,...,1

ugs

(where “v” means that the corresponding term is to be omitted). If X is a section
of JEM over M, then the diffeomorphism X preserves J*M .
(2) There is a natural group structure on X¥(M), defined by the formula

X-Y:=XoY.
In a chart representation, the group structure of X*(M) is given by

(X -Y)p)=p+ > e*(Xalp) + Ya(p)+

|e| !
—_—

Z Z Z(dl_lXAj)(p)(YAl(p)a"'a Aj(p)a"'aYAl(p)))'

1=2 A€P;(a) j=1
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The sections of JEM form a subgroup of X*(M), and the imbeddings X(M) —
X¥(M), X — e*X are group homomorphisms.

(3) The map X — X is an injective group homomorphism X*(M) — G*(M), and
we have a splitting exact sequence of groups

0 — XF(M) - G*(M) — Diffg(M) — 1,

i.e., GF(M) is a semidirect product of Diffg (M) and X*(M).

Proof. (1) We prove uniqueness and existence of the extension of X : M — T*M by
using a chart representation X : U — T*V of X. The statement to be proved is:

(A) Let V and W be K-modules and f : U — T*W a smooth map (over K) defined
on an open set U C V. Then there exists a unique extension of f to a map
f:TFU — T*W which is smooth over the ring T*K.

We first prove uniqueness. For k = 1, using that f is smooth over TK, we get from
the second order Taylor formula (cf. 1.5 (4)) for x €U, v €V,

f(z+ev) = f(z) +edf(x)v+ e’ Ry(z,v,¢) = f(z) + edf (z)v
since f(z) = f(z) and df(z)v = df(z)v. Thus f is uniquely determined by f.
Similarly, for k£ = 2, using that df and d?f are smooth over TTK if so is f,

f(x 4+ eqvater(vr + e2v12) = f(z + €2v2) + e1df(x + €2v2) (v1 + £2v12)
= f(x) + e2df (x)vg + 1df (x)v1 + e162(df () v12 + d2 f(x) (v, v2)),

and again f is uniquely determined by f. For general k, the same arguments lead to

||

Fa+d o) = f@)+ > O D df@)(vnr,-..,vn)), (28.2)

a>0 a>0  I=1 A€Pi(a)

which is of course the chart formula (7.19) for T% f, showing that f is determined by
f- This proves uniqueness.

Next we prove the existence part of (A). By Theorem 7.2, TFf : TFV —
T*(T*W) is smooth over the ring T*K. We will construct a canonical smooth map
pr : TF(T*W) — T*W such that f:: pi o T* f has the desired properties. Recall that
TFK is free over K with basis €%, a € I,. The algebraic tensor product T¥K @ T'K
is again a commutative algebra over K, isomorphic to T*+'K after choice of a partition
Nk4; = NyUN;. For any commutative algebra A, the product map A ® A — A is an
algebra homomorphism, so we have, since T¥K is commutative, a homomorphism of
K-algebras

TFm : T*K =2 TFK @ TFK — TFK

Explicitly, with respect to the K-basis e* ® v#, a, 8 € I} (where the v; obey the same
relations as the ¢;), it is given by

T*m( Z tape® @) = 267 Z ta,s-

a,BEl} Y€l Zf;_’lfl
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For any K-module V, the ring homomorphism T%m : T?*K — T*K induces a homo-
morphism of modules

pr TV =V @g T**K = T*V =V @k T*K,

z+ Z sauﬂva,5Hx+Zs7 Z Vo8-

a,BET "/Elk a,BEI
(e,8)#0 a+B="

This map is T?*K-linear (recall that any ring homomorphism R — S induces an R-
linear map Vi — Vs of scalar extensions; here R = T?K, § = T*K). It is of class C°
since it is a finite composition of certain sums and projections which are all C°, and
hence 4 is of class C* over T?*K. There are two imbeddings of T*K as a subring
of T?*K =2 T*K ® T*K having image 1 ® T*K, resp. TFK ® 1; thus py is also smooth
over these rings. Therefore, if we let

fi=proTrFf . T*U — T*W — T*W,

f is smooth over TFK (which we may identify with T*K ® 1 C T?*K). Let us prove
that it is an extension: for all z € U,

f(z) = e (T* f(2)) = pi(f (2)) = f(2)

where the second equality holds since T*f(z) = T*f(z + 0) = f(x) and the third
equality holds since pp(z + ), €%a0) = ¢+ Y, a0, i.e. pg ot = idgwy,, where
v : T*V — T?*V is the imbedding induced by T*K — T?*K, r — r ® 1. Thus claim
(A) is completely proved.

Now we prove part (1) of the theorem. The extension X of X is defined, locally,
in a chart representation; by the uniqueness statement of (A), this extension does not
depend on the chart and hence is uniquely and globally defined. (See also Remark 28.4
for variants of this proof.) The chart formula given in the claim is simply Formula (28.2),
where f = X = pr; + ) €“X, is decomposed into its (chart-dependent) components
according to Formula (28.1). All that remains to be proved is that X is bijective with
smooth inverse. This will be done in the context of the proof of part (2).

(2) Clearly, X -Y is again a smooth section of T*M, and hence the product is

well-defined. The unlqueness part of (1) shows that X - Y = X oY since both sides are
T*K-smooth extensions of X oY . This property implies associativity:

(X-Y)-Z=X YoZ=Xo0YoZ=Xo(Y -Z)=X (Y-2Z).

Moreover, for the zero section z : M — T*M we have z = idyx,; and hence z is a
neutral element.

All that remains to be proved is that X has an inverse in X*(M). Equivalently, we
have to show that X is bijective and has an inverse of the form Z for some Z € X* (M).
This is proved by induction on k. In case k =1, X is fiberwise translation in tangent
spaces and hence is bijective with (X )7l = —X For the case k = 2, see the explicit
calculation of ()’(V' )~! in the proof of Theorem 14.3. For the proof of the induction step
for general k, we give two slightly different versions:

(a) First version. Note that the chart formula for X - Y from the claim is a
simple consequence of the chart formula for X (v) from Part (1) (take v = Y (z)). This
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formula shows that left multiplication by X, Ix : X¥(M) — X¥(M), Y —» X .Y,
is an affine-multilinear self-map of the multilinear space X*(M) in the sense to be
explained in the appendix to this chapter (Section 28.5, below). Moreover, lx is
unipotent, hence regular, and by the affine-multilinear version of Theorem MA.6 it
is thus bijective. Now let Z := (Ix)~'(0) where 0 := z is the zero section. Then
X-Z =lxo(lx)~1(0) = 0. Similarly, Y-X = 0, where Y := (rx)~1(0) is gotten from the
bijective right multiplication by X . It follows that X is invertibleand X' =Z =Y.

(b) Second version. Note first that, if e*X, e*Y with X,Y € X(M) are purely
vectorial, then e*X - e?Y = ¢*(X 4+ Y), as follows from the explicit formula in Part
(2). Thus %X is invertible with inverse £*(—X). One proves by induction that every
element X € X*¥(M) can be written as a product of purely vectorial sections (Theorem
29.2): X = HZ €*X,, and hence X is invertible.

(3) We have already remarked that X — X is a group homomorphism, and
injectivity follows from the extension property. Let us prove that the imbedded image
X*(M) is the kernel of the natural projection G¥(M) — Diffg(M), F + f. In fact,
X:=Foz:M—>TFM isa section of TFM iff f =idy;. But then, by the uniqueness
statement in Part (1), F = X ; conversely, for any X € X*¥(M), X clearly belongs to
the kernel of the projection. Finally, we have already remarked in Section 28.1 that

f > T*f is a splitting of the projection G¥(M) — G°(M). [

28.4. Comments on Theorem 28.3 and its proof. For the finite-dimensional case over
K = R of Theorem 28.3 (2), see [KM87, Theorem 4.6] and [KMS93, Theorem 37.7],
where the proof is carried out in the “dual” picture, corresponding to function-algebras.
This proof has the advantage that the problem of bijectivity (i.e., the existence of
inverses) is easily settled by using the Neumann series in a nilpotent associative algebra,
but it does not carry over to our general situation. Moreover, in a purely real theory it
is less visible why the extension of a section X to a diffeomorphism X is so natural.

Comparing with the proof of [KMS93, Theorem 37.7], the proof of the existence
part in (1) may be reformulated as follows. We define X = pork © T*X where
Mok k T?*M — TEM is the natural map which, in a chart representation, is given
by pk : T*(T*V) — T*V. Note that, for k = 1, ps1 : TTM — TM can directly be
defined by

p21=ao (p1 Xy p2) : TTM — TM xp TM — TM,

where p; : TTM — TM, 1 = 1,2, are the canonical projections and a : TM X,y TM —
TM the addition map of the vector bundle TM — M. In a chart,

p21(Z + €101 + €202 + €162012) = T + £(v1 + v2)

which corresponds to the formula for p; : TTV — TV . For general k, pog r may be
obtained by deriving ps; : T?M — TM:

Mok k i= Tzk_zpz,l o T2k_3,u2,1 0...0 Tk_lluz’l T2 M — T*M.

Finally, one may note that any “natural” map v : T?*M — T*M leads to a
product X -Y :=voTX oY, where the associativity of the product corresponds to the
naturality of v. For instance, “first” and “second” projection T?*M — T*M lead to
the associative (but useless) products X -Y = X resp. X - Y =Y.
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28.5. Appendix to Chapter 28: the affine-multilinear group. Assume that
E = @ aer, V, is a multilinear space over a ring K (Chapter MA), and that the following

a>0
data are given: for every a € I, and 8 C « and A € P(f), assume given a multilinear

map

CY% Vi X ... x Vi = V.

We say that f: E — FE is affine-multilinear if it is of the form

f(Zva ZZ Z CY%(vpr, ... up1)

a BCaAeP(B

for some family (C**). Note that for 8 = @, C® is a constant belonging to V,; in
particular, for k = 1, we get the usual affine group of E = V;. For 8 = a, CN* =: pA
contributes to the “multilinear part” of f which is defined by

F:E— E, Zvar—)z Z b (VAL . vy UAL).

a AEP(a)

Clearly, F' is a multilinear map in the sense of Section MA.5. We say that f is regular
(resp. unipotent) if so is F' (cf. Def. MA.5). Then the following analog of Theorem MA.6
(2) holds: An affine-multilinear map f is invertible iff it is reqular, and then the inverse
of [ is again affine-multilinear. (The proof is left to the reader.) Thus we have defined
groups Am®*(E), resp. Am'*(E), of regular (resp. unipotent) affine-multilinear maps.
The structure of these groups will be investigated elsewhere.
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29. The exponential jet for vector fields

29.1. The “Lie algebra of X*¥(M)”. As explained in the introduction, heuristically we
may think of G := Diffx(M) as a Lie group with Lie algebra g = X(M). Then the group
G*(M) takes the role of TG and the group X*(M) the one of (T*G),. The Lie algebra
of T*G is then T*g = g @k T*K and therefore the one of X*¥(M) has to be (T*g)y =
@a>0e%g. It is the space of sections of the azes-bundle A¥M = ®aelk,a>0 e*T'M . The

space of sections of A¥ M will be denoted by

AR(M) :=T(M,A*M) = P "%(M). (29.1)

We will construct canonical bijections A*(M) — X*(M), taking the réle of left-
trivialization, resp. of an exponential map.

Theorem 29.2.  There is a bijective “left trivialization” of the group X*(M), given
by

1
Ak(M) - %k(M)a (Xa)a H e*Xa,
s
where the product is taken in the group X¥(M), with order corresponding to the lexico-
graphic order of the index set I,. Then the product in X*(M) is given by

t t T
HsaXa . HeﬁXg = H5727
o B v

with Z., given by the “left product formula” from Theorem 24.7.

Proof. First of all, note that Theorem 14.4 implies the following commutation
relations for purely vectorial elements in the group X¥(M): for all vector fields X,
Ys € X(M),

[€% X4, Yg] = e2TP[X,, V3], (29.2)

where the last bracket is taken in the Lie algebra X(M). Now we define the map
U AN(M) = XF(M), (Xo)a — HTQE,,c e*X, as in the claim and show that it is

a>0

a bijection. We claim that the image of ¥ is a subgroup of X*¥(M). In fact, this
follows from the relations (29.2): re-ordering the product of two ordered products is
carried out by the procedure described in the proof of Theorem 24.7 and leads to the
left-product formula mentioned in the claim. Thus the image of ¥ is the subgroup of
X*(M) generated by the purely vectorial sections, with group structure as in the claim.
But this group is in fact the whole group X¥*(M): using the explicit chart formula for
the product in X*(M) (Theorem 28.3 (2)), it is seen that ¥ is a unipotent multilinear
map between multilinear spaces over K, whence is bijective (Theorem MA.6). ]

In the same way as in the theorem, a “right-trivialization map” A¥(M) — X*¥(M) is
defined. Next we prove the analog of Theorem 25.2 on the exponential map:
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Theorem 29.3. Assume that the integers are invertible in K. Then there is a unique
map expy : A¥(M) — X*¥(M) such that:

(1) In every chart representation, exp, is a polynomial map (of degree at most k);
equivalently, expL := U1 oexp, : A¥(M) — AF(M), with ¥ as in the preceding
theorem, is a polynomial map,

(2) forall n € Z and X € T(M,A*M), exp(nX) = (exp X)",

(3) on the azes, exp,, agrees with the inclusion maps, i.e., if X : M — T M is a vector
field, then exp(e*X) = e*X is the purely vectorial section corresponding to €*X .

Proof. As for Theorem 25.2, this in an immediate consequence of Theorem PG.6,
applied to the polynomial group X*(M). [

Theorem 29.4. The map exp, from the preceding theorem commutes with the
canonical action of the symmetric group X and hence restricts to a bijection

expy, : (AF(M))Zr = @leé(ﬁx(M) = F“(@leé(j)TM) — (XF(M))ZF = T°(J*M).

In particular, we get an injection

—~—

X(M) — GF(M), X ~ exp,(6X)

such that exp,(0nX) = (exp/k\(é/X))” forallneZ.
Proof. This is the analog of Theorem 25.4, and it is proved in the same way. |

29.5. Smooth actions of Lie groups. Assume G is a Lie group over K and a: G x M —
M a smooth action of G on M. Deriving, we get an action T%a : TFG x TFM — T*M
of TEG on T*M . We claim that T*a(g,-) belongs to the group G*¥(M). Indeed, since
T*a is smooth over TFK, it follows that T*G acts by T*K-diffeomorphisms of T*M ,
and since T*a is a bundle homomorphism with a being the corresponding map on the
base, we see that (T%G), preserves fibers over M. Therefore we may consider T%a and
(T*a), as group homomorphisms

T*a:TFG — GF(M), resp. (T*a).: (T*Q@). — X*(M).

In particular, for £ = 1 we get a homomorphism of abelian groups g = T.G — X(M),
associating to X € g the “induced vector field on M7, classically often denoted by X, €
X(M). This map is a Lie algebra homomorphism since T?2a is a group homomorphism
and the Lie bracket on g, resp. on X(M), can be defined in similar ways via group
commutators (Theorem 14.5 and Theorem 23.2). Taking a direct sum of such maps, we
get a Lie algebra homomorphism (T%g)y — A*(M), and from the uniqueness property
of the exponential map we see that the following diagram commutes:

(6. T xk )

exp 1 1 expy
(TFg)y  —  A(M)

Summing up, everything behaves as if ¢ : G — Diff(M) were a honest Lie group
homomorphism.

—_—

29.6. Relation with the flow of a vector field. The diffeomorphism exp, (§X) of TFM
(Theorem 29.4) can be related to the k-jet of the flow of X, if flows exist. Let us explain
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this. We assume that K = R and M is finite-dimensional (or a Banach manifold).
Then any vector field X € %(M) admits a flow map (¢,z) — FLX(z), defined on some
neighborhood of {0} x M in R x M (cf. [La99, Ch. IV]). In general, FI;* is not defined
as a diffeomorphism on the whole of M, and this obstacle prevents us from defining the
exponential map of the group G = Diff(M) by exp(X) := FI;*. Nevertheless, this is
what one would like to do, and one may give some sense to this definition by fixing some
point p € M and by considering the subalgebra

X(M), = {X € 2(M)| X(p) = 0, VY € X(M) : [X,Y], = 0}

of vector fields vanishing at p of order at least 2. Then it is easily seen from the proof of
the existence and uniqueness theorem for local flows that, for all X € X(M),, exp(X) :=
FI¥ is defined on some open neighborhood of p, and moreover that T} (exp(X)) =
idr, v (cf., e.g., [Be96, Appendix (A2)]). Thus the group Diff(M), of germs of local
diffeomorphisms that are defined at p and have trivial first order jet there, admits an
exponential map given by exp = Fl; : X(M), — Diff(M),. We claim that, under these
assumptions, the k-jet of Fl{( at p is given by the map from Theorem 29.4:

——

(expy (6X))p = (T*(FIY')),,

or, in other words, that the following diagram commutes:

Diff(M), T GHM) 2 AmPY(TEM),
Fl, 1 1 evy
XM, X oAk B GEM)

where Am™!(T*M), denotes the affine-multilinear group of the fiber (T%M),. The
proof is by using the uniqueness of the map exp from Theorem PG.6: we contend that
the map X — (T*(FIY)), also has the properties (1) and (2) from Theorem PG.6 and
hence coincides with the exponential map constructed above by using Theorem PG.6.
Now, Property (1) follows by observing that

THEFEY) = TH((FI)") = (T*(FI)))",

and Property (2) follows from the fact that T},(Fly) = idz, s (here we need the fact
that X vanishes at p of order at least two, cf. [Be96, Appendix (A.2)]) and hence our
candidate for the exponential mapping acts trivially on axes, as it should. Summing up,
for any X € X(M), the k-jet of exp(X) at p may be constructed in a purely “formal
way”, i.e., without using the integration of differential equations. If X does not belong
to X(M),, then there still is a relation, though less canonical, with the k-jet of the flow
of X, see the next subsection.

29.7. Relation with “Chapoton’s formula”. If X is a vector field on V = R" , identified
with the corresponding map V' — V, then the local flow of X can be written

th
FIY () =v+ ﬁX*J(v)
g1

where

(X +¥)(@) = (VxV)(z) = dY (2) - X ()
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denotes the product on X(V) given by the canonical flat connection of V', and X**! =
X xX*) are the powers with respect to this product — see [Ch01, Prop. 4]. Thus, letting
t = 1, the exponential map associated to the Lie algebra of vector fields on V' can be
written as a formal series

tJ ,
exp(X) = idy + Y | =X*.
iz17

This formal series may be seen as the projective limit of our expy(6X):V — J*V for
k — oo. In fact, according to Theorem PG.6, we have the explicit expression of the
exponential map of the polynomial group X*(V) by exp(d6X) = Z§=1 %%,j(&X ) where
1;,;(X) is gotten from the homogeneous term of degree j in the iterated multiplication
map m). The chart formula in the global chart V for the product (Theorem 28.3 (2))
permits to calculate these terms explicitly, leading to the formula
J
exp, (6X) =idy + Z %X*j.
i1

A variant of these arguments is implicitly contained in [KMS93, Prop. 13.2] where
the exponential mapping of the “jet groups” is determined: for a vector field X vanishing
at the origin, exp(jEX) = jEFIF.
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30. The exponential jet of a symmetric space

30.1. As an application of the preceding results, we will construct a canonical isomor-
phism Exp,, : A¥M — T*M (called the ezponential jet, cf. Introduction) for symmetric
spaces over K. In order to motivate our construction, we start by considering the group
case, where such a construction has already been given in Chapter 25 (cf. also Section
29.5). We relate those results to the context explained in the preceding chapters.

30.2. Case of a Lie group. We continue to assume that the integers are invertible in
K. We construct the exponential jet Exp, : A*G — T*G of a Lie group G over K
as follows: for X € g, let X® € X(G) be the right-invariant vector field such that
XPE(e) = X. The “extension map”

Ip:g— %(GQ), Xm—Ip(X):=XE
is linear and injective. Denote by
(T*IR)o : (T*g)0 = (T*X(G))o = A™(G)
its scalar extension (simply a direct sum of copies of /). Then the exponential map

Exp = Expy, : (T*g)o — (T*G). of the polynomial group (T*G). (Theorem 25.2) is
recovered from these data via

(T*G). R xX*(G)
Exp, (X) = (exp((T*1)X))(e) : Exp 1 ) T expy,
I ()

In fact, this is seen by the arguments given in Section 29.5, applied to the action of G
on itself by left translations.

In the case of finite dimension over K = R, or more generally for real Banach
Lie-groups, the group GG does admit an exponential map Exp : g — G in the sense
explained in Section 25.9, and it is well-known that then the exponential map of G is

given by exp(X) = FI* R(e), i.e., by the commutative diagram

G < Diff(G)
Exp t T FL
g B 2(6).

(where X(G). is the set of complete vector fields on G). The preceding characterization
of Exp : (T*g)o — (T*G). is obtained by applying, formally (i.e., as if Diff(G) were a
Lie group), the functor (T%)y to this diagram.

30.3. Exponential jet of a symmetric space. Assume M is a symmetric space over K
with base point 0 € M. Recall from the proof of Prop. 5.9 that every tangent vector
v € ToM admits a unique extension to a vector field /(v) (denoted by v in Chapter
5) such that /(v) is a derivation of M and o, - Il(v) = —I(v). The “extension map”
1:T,M — X(M) is linear, and its higher order tangent map (T*1), : (A¥*M), — A*(M)
is simply a direct sum @,~0e%! of copies of this map.
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Theorem 30.4. Let (M, o) be a symmetric space over K and assume that the integers
are invertible in K. Then the map Exp := Expy : (A*M), — (T*M), defined by

(TkM), % Xk (M)
Expy, (v) = (expy (T*1(v)))(o0) : Exp 1 . T expy,
(), U A

s a unipotent multilinear isomorphism of fibers over o € M commuting with the action
of the symmetric group Xj. Moreover, Exp, satisfies the “one-parameter subspace
property” from Section 27.7: for all u € (A*M),, the map

Yu : K = (T*M),, t+— Exp,(tu)

is a homomorphism of symmetric spaces such that ~y,,(0) = w. In particular, the property
Exp(nu) = (Exp(u))™ holds for all n € Z (where the powers in the symmetric space
(T*M), are defined as in Equation (5.5)).

Proof. By its definition, Exp, is a composition of multilinear maps and hence is
itself multilinear. In order to prove that Exp, is bijective it suffices, according to
Theorem MA.6, to show that Exp, is unipotent, i.e., the restriction of Exp, to axes is
the identity map. But this is an immediate consequence of the corresponding property
of the map exp, (Theorem 29.3, (3)): let v = ¢®v, be an element of the axis ¢*V;
then X := T*I(¢%v,) = €*l(v,) is a purely vectorial section, hence exp,, applied to this
section is simply given by inclusion of axes. Evaluating at the base point, we get

(expy (e%1(va))) (0) = €%1(va)(0) = €%va

since ev, ol = id. The map Exp commutes with the Xj-action since so do all maps of
which it is composed.

Finally, we prove the one-parameter subspace property. In a first step, we show
that, for all n € Z, Exp(nu) = Exp(u)”. We write u =z + ), €*v,; then, using that
expy, (nX) = (exp;(X))",

Exp(nu) = expk(nz % (vy)).0 = (exp(z e%l(vq)))".0
= (exp(3 e (va))-0)" = (Bxpu)",

where the third equality is due to a general property of symmetric spaces: if (N,p) is
a symmetric space with base point and g € Aut(N) is such that o,0go00, = g7,
then (g.p)" = g¢™.p. (This is proved by an easy induction, using the definition of
the powers in a symmetric space given in Equation (5.5).) This remark is applied to
(N,p) = ((T*M),,0,) and g = exp; (3=, £*1(va))-

Now let y(t) := Exp(tu). Then, in any chart representation, y(¢) = tu modulo
higher order terms in ¢ (since Exp is unipotent, as already proved), and hence v'(0) = u.
We have to show that v : K — T*M is a homomorphism of symmetric spaces. As
we have just seen, y(n) = (y(1))". By power associativity in symmetric spaces (cf.
Equation (5.7)), and denoting by p the binary product in the symmetric spaces K,
resp. T*M , this implies y(p(n,m)) = ¥(2n —m) = (v(1))>*~™ = p(y(m),~(n), and
thus the restriction of v to Z is an “algebraic symmetric space homomorphism”. But
v:K— (T*M), is a polynomial map between two symmetric spaces with polynomial
multiplication maps, and hence by the “polynomial density argument” used several times
in Section PG, it follows that also ¥ must be a homomorphism. ]
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As in Step 1 of the proof of Theorem PG.6, it is seen that -y, is the only polynomial
one-parameter subspace with ~,,(0) = u. We do not know wether this already implies
that -y, is the only smooth one-parameter subspace with this property.

In the finite-dimensional case over KK = R, it is known that the exponential map
Exp, of a symmetric space M with base point o can be defined by

M e Diff(M)
EXPO(U) = F]ll(v) (0) = ev,©0 Fl, ol : EXPO T T F]l
T,M Lz,

(see [Lo69] or [Be00, 1.5.7]). As in the case of Lie groups, the definition of Exp from the
preceding theorem is formally obtained by applying the functor (T%), to this diagram.
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31. Remarks on the exponential jet of a general connection

31.1. The exponential jet. As explained in the Introduction, for real finite dimensional
or Banach manifolds M equipped with a (torsionfree) linear connection on 7'M , we can
define a canonically associated bundle isomorphism T% Exp : A*M — T*M , called the
exponential jet (of order k). For a general base field or -ring K, there is no exponential
map in the classical sense, but still it is possible to construct a bundle isomorphism
AFM — T*M having all the good properties of the exponential jet and coinciding with
T* Exp in the real finite-dimensional or Banach case. In the following, we explain the
basic ideas of two different approaches to such a construction; details will be given in
later work.

31.2. Vector field extensions. The definition of the exponential jet for Lie groups and
symmetric spaces in the preceding chapter suggests the following approach: in the real
finite-dimensional case, every connection L gives rise to a, locally, on a star-shaped
neighborhood U of z, defined “vector field extension map” [ := [, : T,M — X(U),
assigning to v € T, M the adapted vector field I(v) which is defined by taking as value
({(v))(p) € T, M the parallel transport of v along the unique geodesic segment joining
z and p in U. Then clearly [ is linear, and I(v)(z) = v. Moreover, one may check
that the covariant derivative of L is recovered by (VxY)(z) = [l.(X(z)),Y](z). The
exponential map Exp, is given, as in the preceding chapter, by Exp_(v) = (Flll(” )(z).

For general base fields and rings K, one may formalize the properties of such
“vector field extension maps”. One does not really need the whole vector field I(v) €
X(U), but only its k-jet at . Then one may try to define the exponential jet in a
“synthetic way” by using the exponential maps of the polynomial groups Gm®* (T*M),
and Am"*(T*M), acting on the fiber over z.

31.3. The geodesic low. Another “synthetic” approach to the exponential jet is
motivated as follows: in the classical case, if the connection is complete, the geodesic
flow ®; : TM — T'M is the flow of a vector field S : TM — T(T'M) which is called the
spray of the connection and which is equivalent to the (torsionfree part of) the connection
itself (cf. Chapter 11). Then the exponential map Exp, : T,M — M at a point z € M
is recovered from the flow FIJ via Exp,(v) = n(F1 (v)), where © : TM — M is the

canonical projection:
F1?¥
™ = TM

T . \J
.M 3 M
Applying the k-th order tangent functor T to this diagram and restricting to the fiber
over 0., we express the exponential jet via the k-jet of Flf and canonical maps:

Tk—HM Tk_>Flf Tk+1M
T . \:
Thr,M) T B ok

As explained in Chapter 29, under some conditions, the map T% Flf can be expressed
in our general framework via exp(dS), and thus we should get an expression of the
exponential jet in terms of maps that all can be defined in a “synthetic” way. However,
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the problem in the preceding diagram is that we cannot simply restrict everything to
the fiber over z € M, for Exp, does not take values in some “fiber over z”. One may
try to overcome this problem by applying the tangent functor once more, or, in other
words, by introducing one more scalar extension, thus imbedding A¥M into T**+2M
and not into T*+1 M and defining

. TR TM) “ED TR T
Exp;, := proexp(dS) o : = lpr
Ak P Tk M

where the imbedding ¢ and the projection pr are defined by suitable choices of &

—_———

infinitesimal units among the k + 2 infinitesimal units €g,...,ex4+1, and exp(dS) :
T*+2M — T*T2M is associated to the spray S : T.,M — T.,T.,M the spray of the
connection L in the way described by Theorem 29.4.

31.4. Jet of the holonomy group. A major interest of the construction of the exponential
jet, either in the way as indicated in 31.2 or as in 31.3, should be the possibility to give
a “synthetic” theory of the (restricted) holonomy group of (M,L) at z, i.e., to define
intrinsically its k-jet for all £ € N, by using only “infinitesimal parallel transport” which
may be expanded into its “Taylor series” at arbitrary order. We hope to come back to
this topic in future work.
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