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1 Introduction.

The aim of this article is to complete results of [M.00] and [B.08] and to show that
they imply a rather general existence theorem for meromorphic quotient of quasi-
proper meromorphic equivalence relations. We try also to put some more light on
the "topological” condition which is needed to have such a meromorphic quotient.
I hope that these stronger results and this new presentation of this topological con-
dition will help potential users.

Of course the results here are in some sense a wide generalization of the classi-
cal Henri Cartan’s quotient theorem [C.60]. But without requiring compactness of
equivalence classes and in a more ”geometrical” spirit which allows for instance, to
always have a meromorphic quotient in the proper case. Remember that to have
a functorial (holomorphic) quotient as complex space, H. Cartan gaves a necessary
and sufficient condition which is not automatic.

The method we use is deeply related to the study of geometric f-flattening of a
quasi-proper map, which is a generalization in the case of non compact fibers of
the geometric flattening theorem of [B.78] for proper holomorphic maps. We can
only prove the existence of a meromorphic quotient with a strong quasi-properness
assumption, and in this case the corresponding meromorphic quotient map admits
a geometric f-flattening. It is easy to see that there exists examples where a quasi-
proper meromorphic quotient exists such that the quotient map does not admit geo-
metric f-flattening. But this phenomenon is related to the fact that quasi-properness
is a notion which is too weak for non equidimensional map :

the fact that all irreducible components of a big fiber meet a compact set does not



imply that the generic nearby fibers have not irreducible components which escape
to infinity (see [M.00] or [B.08] for the phenomenon of ”escape at infinity”).

The topological condition we add garanties that this pathology does not happen
and gives in fact a notion of ”strong quasi-properness” which is equivalent to the
(local) existence of geometric f-flattening. This corresponds also to the fact that the
generic fibers of the map may be completed in a f-meromorphic family of cycles. As
quasi-properness this notion is local on the target space, but, in contrast with the
quasi-proper case, this condition is stable by proper modification of the image.
Another key point for proving this rather general existence theorem is the reparametri-
sation theorem of D. Mathieu [M.00] which is a consequence of his generalization
of N. Kuhlmann’s semi-proper direct image theorem [K.64] and [K.66] in the case
where the target space is an open set of a Banach space. We show in the appendix
how it implies in fact a semi-proper direct image theorem! with values in CJ(M)
the space of finite type closed n—cycles in a complex space M.

As an application of these ideas, we give a Stein’s factorization theorem for a strongly
quasi-proper holomorphic map.

To conclude this introduction let me say that I consider this work as a tribute to
professors R. Remmert and H. Grauert : the direct image theorem of R. Remmert
[R.57] is the basic idea used here to produce meromorphic quotients and I think
that the present work is also a far reaching conclusion on this problem which was
initiated by H. Grauert [G.83] and [G.86] and his student B. Siebert [S.93] and [S.94].

During the final draft of this article the first discussions about the article [B.Mg.10]
were going on and several interesting points were clarified. So I want to thanks Jon
Magntsson for his help.

2 Quasi-proper geometric flattening.

2.1 Geometric flattening.

Let f: M — S be a holomorphic map between two reduced and irreducible
complex spaces and put n:=dim M — dim S.

Recall that such a map is called geometrically flat when there exists an analytic
family (X;)ses of m—cyclesin M parametrized by S such that for any s € S
the support |X,| of the cycle X, is the set theoretic fiber f~!(s) and such that,
for general s, the cycle X is reduced (i.e. equal to its support, so each irreducible
component is of multiplicity 1 in this cycle). Notice that such a map f is open
and that, in the case where S is normal, the map f is geometrically flat if and
only if it is n—equidimensional (see [B.75] or [BOOK]).

but of course the functor ”f-analytic families of n—cycles in M” is not representable in the
category of reduced complex spaces.



For a geometrically flat f we have a classifying map for the analytic family (X;)ses
which is a map ¢ : S — C¢(M) given by ¢(s) == X,.

Definition 2.1.1 Given an arbitrary holomorphic map f : M — S between two
reduced and irreducible complezr spaces, a geometric flattening for f is a proper
holomorphic modification 7:S — S of S such that the strict transform?

f: M — S is a geometrically flat holomorphic map.

As the holomorphic map 7 : M — M is proper we have (see [B.75] or [BOOK]) a
direct image map m, : C(M) — CY¢(M) which is holomorphic in the sense that it
preserves the analyticity of families of n—cycles. So when we have a geometric flat-
tening for f the classifying map ¢ : S — Cl°¢(M) composed with the direct image
T, gives amap m, 0@ : S — Cloe(M) which will classify the "fibers” of f. The
existence of a geometric flattening for the map f may be considered as the mero-
morphy of the classifying map of the analytic family of generic fibers of f along the

center ¥ of the proper holomorphic modification 7 (see the definition 2.3.2 below).

2.2 Quasi-proper geometric flattening.

In what follows we shall consider mainly finite type mn—cycles, that is to say
n—cycles having finitely many irreducible components. Recall that the classical
corresponding relative notion is given by the following definition

Definition 2.2.1 Let f : M — S be a holomorphic map between two reduced
complex spaces. We say that f is quasi-proper if for any point sqg € S there
exists an open neighbourhood S’ of sq in S and a compact set K in M such
that for any s € S' any irreducible component T of f~(s) meets K.

Of course the fibers of a quasi-proper map are finite type cycles and with some
“uniform” local condition for the finiteness of the irreducible components of the
fibers. The notion of quasi-proper map is not topological. Nevertheless, it may be
defined for a continuous map f : M — S where M is a complex space and S
a topological space, if we know that any fiber of f is an analytic subset of M.
This is, for instance, the case for the projection on S of the (set theoretic) graph
|G| C S x M of a continuous family of n—cycles (Xj)ses of M parametrized by
a Hausdorff topological space S.

The following notion is purely topological.

Definition 2.2.2 Let f: M — S be a continuous map between two Hausdorff
topological spaces. We say that f s semi-proper if for any point sy € S there

2In general M is, by definition, the union of irreducible components of S xg M which
dominate an irreducible component of S. When M is irreducible and f surjective M is the
irreducible component of S xg M which surjects on S.



exists an open neighbourhood S’ of so in S and a compact set K in M such
that f(M)NS = f(K)NS'".

Of course a quasi-proper map is always semi-proper. Kuhlmann’s theorem (see
[K.64] and [K.66] ) generalizes Remmert ’s direct image theorem [R. 57] to the
semi-proper case :

Theorem 2.2.3 (Kuhlmann) Let f: M — S be an holomorphic map between
two reduced complex spaces. Assume that f is semi-proper. Then f(M) is a
(closed) analytic subset of S.

Recall now that we introduced in [B.08], for any given complex space M, the
topological space CI(M) of finite type n—cycles with a topology finer that the
topology induced by the obvious inclusion Cf(M) C CY(M), where CP¢(M) is
the (topological) space of closed n—cycles in M. We defined also the notion of an
f-analytic family of (finite type) mn—cycles in M. Let S be a reduced complex
space. The definition of the topology on CJ(M) is given in order to have that
f-analytic families of finite type n—cycles in M are exactely the analytic families
(Xs)ses of n—cyclesin M that satisfy the following condition :

e The projection of the support |G| C S x M of the graph G of the family is
quasi-proper on S.

It of course implies that for each s € S the n—cycle X, is of finite type (i.e. has
finitely many irreducible components).

This is a purely topological requirement on the family, corresponding to the conti-
nuity of the family for the finer topology defined on CI(M).

For a f-analytic family the classifying map ¢ : S — C(M) factors through a
continuous classifying map ¢’ : S — C/(M) and the (continuous) inclusion

i: CH(M) — Cle(M).

Definition 2.2.4 Let M and S be two reduced complex spaces and let f: M — S
be a quasi-proper holomorphic map which is n—equidimensional. We shall say that
f is geometrically f-flat when there exists an f-analytic family (Xs)ses of
n—cycles in M parametrised by S such that we have for each s € S the equality
| Xs| = f~%(s) and such that for generic s € S the cycle X, is reduced (so each
irreducible component is of multiplicity 1 in X;).

It is easy to see, using local compactness of S that a geometrically flat map
f: M — S is geometrically f-flat if and only if f is quasi-proper.

For a geometrically f-flat map f we have an ”holomorphic” classifying map
ol S — CI(M)

associated to the f-analytic family of "fibers” of f.



Let us now consider a quasi-proper surjective holomorphic map f: M — S between
two reduced and irreducible complex spaces, and let n := dim M — dim S. As the
set of points x in M where the fiber at = has dimension > n is a closed analytic
subset of M which is f—saturated in the sense that, in each fiber of f, this subset
is an union of irreducible components of the fiber, its image is an analytic subset
> in S which has no interior point in S. This is a consequence of Kuhlmann’s
theorem, because the restriction of a quasi-proper map f toa f—saturated analytic
subset is again quasi-proper.

Without loss of generality, we may assume that the non normal points in S are in
Y. And now the restriction of f to M\ f~}(X) is quasi-proper and equidimensional
on the normal complex space S\ X. So we have a f-analytic family of n—cycles
(Xs)ses\n associated to the fibers of this map and a corresponding classifying map

ol S\ T = Cl(M).

Recall that a subset @ in CJ(M) is compact if and only if it is compact in C'*°(M)
and such that the topologies induced by C!°(M) and C/(M) coincide. In general
the uniform boundness of the volume in each compact set of M, which is equivalent,
thanks to Bishop’s theorem [Bi.64], to the relative compactness in C!¢(M) (see
[BOOK] ch.IV), will be easy to check. But to check whether the topologies induced
by CI/(M) and CY(M) coincide (which is equivalent to the "non escape at infin-
ity”) is a sticky point in the sequel. For a precise description of the topologies on
Cloe(M) and CJ/(M) and their comparison see [B.08].

The following lemma gives a precise characterization of a compact subset in CI (M)
without any reference to the ”escape at infinity”.

Lemma 2.2.5 A closed subset B in C{(M) is compact in C{(M) if and only
if it is a compact subset of C'¢(M) and there exists a compact set K C M such
that any irreducible component of any cycle in B meets K.

PROOF. A compact subset in C/(M) is clearly a compact in C¢(M) because the
inclusion map is continuous. For any point X € B let Wy be a relatively compact
open set in M which meets all irreducible components of X. Then Q(Wx), the
set of cycles in CJ (M) such that each irreducible component meets W, is an open
neighbourhood of X in C/(M). Choosing a finite sub-covering (Q(Wy,))ier of
the covering of B by the open sets Q(Wx)xen, gives a relatively compact open set
W := U;er Wx, such that any irreducible component of any Y € B meets W.
Conversely, if a closed subset B in C/(M) is compact in Cl°(M) and if any
irreducible component of any cycle in B meets a compact K in M, to show
compactness in Cf{(M) take any sequence (X,),ey in B. Up to pass to a subse-
quence, we may assume that (X, ),ey converges to a cycle X € B in the topology
of Cl¢(M). We want to show that the convergence takes place in the sense of the
topology of CJ(M).

If X isthe empty n—cycle, cover K with finitely many n—scales (always adapted
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to 0). Then for v > 1 the degree of X, in each of these scales has to be 0 and
so |X,|N K = 0. So the only possibility is that X, = X for v > 1.

When X is not the empty n—cycle, we have to prove that if any irreducible com-
ponent of X meets an open set W, then for v > 1 any irreducible component
of X, also meets W. But if, for an infinite sequence of v > 0, there exists
an irreducible component (), of X, which does not meet W, choose a point
x, € KNC,. The points z, are then in K \ W which is compact. So, up to pass
to a subsequence we may assume, first that the sequence (C)),eny converges to a
cycle Y in the sense of the topology of C¢(M) and that the sequence (,),en
converges to x € K\ W. But then we have |Y| C |X| and z € [Y]. So Y isnot
the empty cycle and any of its irreducible components meet W. So for v large
enough C, meets W. Contradiction. As B is closed in C/(M) we conclude that
the sequence (X, ),en converges to X € B in the topology of Cf(M). [

REMARK. If B is a compact set in CJ(M) then the subset
B:={XeC/(M)/3veB X<Y}

is also compact. The compactness of B in Cloe(M) is obvious, the same compact
K C M which meets all irreducible components of a cycle in B meets also each
irreducible component of a cycle in B; finally this subset is closed in CJ (M) thanks
to the lemma 4.1.6. R R R

Note that () is always in B but that B\ {0} is closed in B as {0} is open in
CI(M) ; so B\ {0} is also a compact set.

Now comes the main difference between the fact that we consider arbitrary closed
n—cycles or finite type closed n—cycles. To make this difference transparent, let
me use the following definition :

Definition 2.2.6 Let S be an irreducible complex space and > C S be a closed
analytic subset with no interior point in S. Let ¢ : S\ X — Z be a conlinuous
map to a Hausdorff topological space Z. We say that the map ¢ 1is properly
extendable along Y if there exists a Hausdorff topological space Y, a continuous
map o:Y — S and a continuous map

Y —- 72

such that the map o is a proper topological modification along ¥ and
such that 1 extends . Topological modification means that o s continuous and
proper, that the set o='(X) has no interior point in Y and that the restriction

oc:Y\o (X)) = S\

is a homeomorphism. The fact that 1 extends ¢ means that on S \'¥ we have
p=1voo .



Now we have the following key theorem :

Theorem 2.2.7 [Geometric f-flattening; first version.] Let M and S be
two reduced and irreducible complex spaces. Let f : M — S be a holomorphic
map and assume that ¥ C S is a (closed) analytic subset in S with no interior

point, containing the non normal points of S and such that the restriction of f
to M\ f~YX) is n—equidimensional, where n := dim M — dim S.

i) The map ¢ : S\ X — Cl(M) classifying the fibers of f over S\X is
always properly extendable along .

i) Assume that f: M — S s quasi-proper, and let ¢ : S\ ¥ — C{(M) be the
classifying map of the fibers of f over S\ 3.
If @l s properly estendable along X then there exists a proper holomorphic
modification 7 : S — S and an f-analytic family of finite type n—-cycles in
M which extends ¢! to S.

So in the case of arbitrary closed n—cycles, the continuous extension of the clas-
sifying map ¢ to a proper topological modification of S along 3 is always
possible, but this does not allow us to obtain a holomorphic extension on a proper
holomorphic modification of S along .

In the case of finite type n—cycles the quasi-properness asumption on f does not
imply automatic topological extension for the f-classifying map ¢/. But when this
topological extension exists, the f-classifying map can be holomorphically extended
on a suitable proper holomorphic modification of S along .

PROOF OF THE THEOREM. Let us begin by the case i): define T' C S x Cl¢(M)
as the closure of the graph of . Then I' is S—proper: this is an easy consequence
of the characterisation of compact sets in C¢(M) via Bishop’s theorem (see [Bi.64]
and [BOOK] ch.IV), and the result of [B.78] on the local boundness of the volume
of generic fibers for an holomorphic map ; so we want to prove two facts®

1) The projection p:I' — S is a closed map ;
2) its fibers are compact subset in CY¢(M).

Let F be a closed set in I', and assume that the sequence (s,),en in p(F) con-
verges to o € S. Let (s,,C,) € F for v € N. Now fix a compact neighbourhood
L of o in S ; then using [B.78], for each compact set K C M and any fixed
continuous hermitian metric h in M we may find a constant ~(K,h) such for
any s € L\X we have wol,(K N¢(s)) < v(K,h). This inequality extends by
continuity to the closure of ¢(L\X) in Cl¢(M), soto p~*(L) in F. This implies

3Recall that we don’t know that T' is locally compact ; so p proper means that p is closed
with compact fibers.



that p~*(L) is a compact set in F. This allows us, up to pass to a subsequence, to
assume that the sequence (C,),cny converges? to C' € Cl¢(M). Then (o,C) lies in
F and 1) is proved. But 2) is already a consequence of the compactness of p~'(L),
so p:I'— S is proper.

To prove that p: ' — S is a topological modification of S along X, it is now
enough to prove that p~!(3) has no interior point in T'. But this is obvious from
the density of the graph of ¢ in I'. To conclude case i), notice that the projection
q:T — Cl¢(M) is continuous and extends .

We shall try to explain in the comment following theorem 3.2.1 why in this case the
locally compact subset I' which is proper on S may not be, in general, a finite
dimensional complex space.

To prove ii) we first notice that the assumption that the map ¢/ is properly
extendable along ¥ is equivalent to the fact that I'/, the closure of the graph of
¢/ in S xCI(M),is proper on S. This is proved in the following lemma.

Lemma 2.2.8 The map ¢’/ is properly extendable along Y if and only if the
closure TV in S x CIH(M) of the graph of ¢! is S—proper.

PRrROOF. Of course the properness of I'/ on S gives a topological modification
of S along ¥ with a continuous extension for ¢/ given by the projection of I'/
on CJ/(M). Conversely, if we have a proper topological modification 7 :Y — S
and a continuous map 1 :Y — C/(M) extending ¢/, let T be the graph of 1.
Then (7 x Id)(T') is obviously proper on S and contained in I'/, the closure of
the graph of /. But the continuity of 1 implies that [ =17, as 771(X) has no
interior point in Y. [ |

So to finish the proof of ii), it is enough to endow the locally compact topological
space I'/ with a natural structure of a weakly normal complex space such that its
projection on S becomes holomorphic. This is done by induction on the dimension
of the "big” fibers of M on S in [M.00]. |

REMARKS. The key points of the proof of [M.00] are the following facts :

e The properness condition on I'/ is local along ¥ and invariant by local
(proper) modification on S.

e The quasi-properness of f: M — S is preserved by local proper modification
along ¥ because of the assumption on I'Y. This may not be true in presence
of escape at infinity for a limit of generic fibers, so without the properness of
I'Y on S. For the convenience of the reader, we give in the next proposition a
proof of this fact as it is a key point in the induction for proving the geometric
f-flattening theorem.

4 C may be the empty n—cycle.



e Because of the quasi-properness of f (which stays in the induction), to
decrease the dimension of the biggest fibers, a local blowup of an analytic
subset of ¥ is enough, as all irreducible components of all nearby fibers meet
a given compact set. Of course, with infinitely many components of dimension
>n in a fiber, this argument would not work.

e The Kuhlmann’s theorem is generalized to the case of a semi-proper holomor-
phic map with values in an open set of a Banach space in [M.00]. We explicit
in the appendix, for the convenience of the reader, how this generalization is
used to have a semi-proper direct image theorem with values in C/(M) in
a sense which is precised there. This formulation of the semi-proper direct
image theorem with values in C/(M) is interesting by itself. Of course an
ecasy corollary is the "universal reparametrization theorem” of [M.00].

Proposition 2.2.9 (Stability of strong quasi-properness by modification.)
Let f: M — S be a quasi-proper holomorphic map between two reduced irre-
ducible complex spaces. Let ¥ C S be a closed analytic subset with no interior
point such that the restriction of f to M\ f~(X) is geometrically f-flat. Let
: S\ Y — CL(M) be the classifying map of the f-analytic family of n—cycles
in M associated to the fibers of this restriction of f. Assume that T/, the closure
in S x CL(M) of the graph of ¢/, is S—proper. Let T : S — S be a proper
modification of S with center contained in Y and let M be the strict transform
of M by 7 and f:M —S.
Then f is quasi-proper and if % := = 771(X), the closure I/ in S xCI(M) of
the graph of the classifying map @' : S \ Y — C};(M) is proper on S.

The condition that the center of 7 is contained in ¥ does not reduce the generality
of the statement because f-geometric flatness is invariant by pull-back.

PROOF. Recall first that the strict transform M of M by 7 is the irreducible
component of the fiber product S xgM which dominates M. As 7 is proper the
projection 7 : M — M is also proper and it is a proper modification along f~'(%).
To show that f M — S is quasi-proper, take 5, € S and let sy = 7(S0). The
quasi-properness of f gives an open set S’ in S containing s, and a compact
set K in M such that any irreducible component of f~1(s) for s € S’ meets
K. Let us show that any irreducible component of f~'(3) for § e 5 :=77(9")
meets the compact (77 1(f(K)) x K)N M.

Let C be an irreducible component of f~1(3) for some § € S’, and choose a
smooth point (§,x) of this fiber belonging to C'. Let (s,,z,),en be a sequence of
points in M\ f~}(X) converging to (5,x) in M. Up to choose a subsequence, we
may assume that the fibers f~1(s,) converge to a n—cycle Cy in CI(M), thanks
to the properness of T/ on S. Now we have the inclusion {5} x |Co| € f7(3),
and x belongs to some irreducible component ) of Cj. Then we have C} = C|
because C' is the only irreducible component of f~!(3) containing the point (3, x).
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But now, we know that (7 meets K. So C meets K.

The proof that T/ is proper over S is easy : the generic fibers of f correspond
to the generic fibers of f via the direct image map m,. So we have a commutative
diagram of continuous maps

~ T

rf—r1rf

\Lﬁl lpl
S’ _ T . S
with 7, p; and m, proper. So p; is proper. [ |

ExamMpPLE. Let f: M — S be a quasi-proper n—equidimensional map between
two reduced and irreducible complex spaces, where n := dim M —dim S. Assume S
is normal so that [ is a geometrically f-flat map. Assume that at the generic points
of a closed irreducible curve C' C S the fibers of f have two distinct reduced and
irreducible components. Denote them by X. and Y. for ¢ € C. Fix a generic
point ¢y € C' such that X, converges to X, when ¢ — cq.

Define now M’ := M\ X,,. Then the induced map f’: M' — S is still geometrically
flat (but not f-flat, as we shall see), because we keep the equidimensionality for f’
and the normality of S. For s € S the fiber of f’ has only finitely many
irreducible components, so the classifying map ¢ : S — Cl°¢(M’) for the fibers of
the map f’ factors set theoretically through the inclusion Cf(M') — Cl¢(M’).
Let ¢':S — C/(M') be the corresponding map.

Now we shall show that the closure of the graph of ¢’ in S xCJ(M’) is not proper
on S. Assume the contrary. Then there exists an open set S’ C S contaning ¢
and a compact set K in M’ such that for any c € S’ ¢ # ¢y, we have X.NK # ().
Let (¢,),>1 be asequence in C'\{co} converging to cy. Then for v > 1 we have
¢, € S and so X, meets K. So, up to pass to a subsequence, we may assume
that we have a converging sequence (z,),ey in K toa point x € K and such
that z, € X.,. But as the cycles X., converge to the empty n—cycle in M’, we
obtain a contradiction.

Of course this shows that ¢’ is not continuous. But remark that the map ¢ :
S — Cl¢(M") is continuous (it classifies an analytic family of cycles) so its graph
is closed in S x Cl¢(M') and its projection on S is an homeomorphism (so it is
proper).

It is easy to see that for any local proper holomorphic modification 7 : S’ — S’
where S’ is an open neighbourhood of c¢g, the strict transform of M’ cannot be
geometrically f-flat on 5.

A concrete example is given as follows : let M := {(t,z) € C* /2> =1},S :=C
and f(t,x) =t. Then f': M’ := M\{(1,1)} — S is an example of a geometrically
flat map where the classifying maps

©: 8 —Clo(M') and ¢ :S—Cl(M)
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have closed graphs which are respectively proper and not proper on S. Of course

¢’ is not continuous at ¢ =1 and the map f’' is not quasi-proper.

2.3 Geometric f-flattening.

As it becomes apparent, the notion of quasi-properness is not strong enough in pres-
ence of big fibers for an holomorphic map f: M — S between reduced irreducible
complex spaces : the irreducible components of a big fibers may meet a compact set
but limits of generic fibers may have an irreducible component escaping at infinity
inside these big fibers.

These considerations lead to the following definition.

Definition 2.3.1 Let f : M — S be a quasi-proper holomorphic map between
two reduced and irreducible complex spaces. We shall say that f admits local
geometric f-flattenings if for each point in S there exists an open neighbourhood
S’ and a proper modification 7' :S'" — S such that the strict transform M’ of
M' = f~YS") has a geometric f-flat projection ' M — S'. So the following
diagram commutes

M/ L) M/
lf/ if/
S«/ # S/
and w is a proper modification. In this situation we shall say that such a quasi-
proper map [ is strongly quasi-proper.

From the previous theorem, a quasi-proper map f admits local geometric flatten-

ings if and only if the classifying ma fis properly extendable along ¥, and in
g y ying p ¥ properly g 2,

this case, there exists a global quasi-proper f-flattening for f.

Coming back to the point of view of families of finite type n—cycles, this gives a
good definition for f-meromorphic families :

Definition 2.3.2 Let S be a reduced an irreducible complex space and let ¥ C S
be a closed analytic subset with no interior point in S. Let M be a reduced complex
space. We shall say that an f-analytic family (X,)ses\s of n—cycles of M is f-
meromorphic along X if there exists, for each point in >, an open neighbourhood
S, a proper modification T : S — S and a f-analytic family (X5)scq  ewtending
the restriction of the given family to S’ \ X.

Then we have the following necessary and sufficient condition for meromorphy along
Y

Proposition 2.3.3 A necessary and sufficient condition for an f-analytic family
(Xs)ses\s of n—cycles of M to be f-meromorphic along 3 is that there exists a
closed analytic subset G C S x M with the following properties :
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i) GN(S\X) x M =|G| where G is the graph of the given family.

it) The projection p : G— S is strongly quasi-proper.

PrROOF. The condition is clearly necessary, because the image of the graph of the
?extended” family by the map (7,7):S x M — S x M is proper.

The condition is sufficient, because the existence of G shows that the closure of the
graph of classifying map of the given family is proper on S. Then we may apply
the f-flattening theorem ?? and use a normal S to conclude the f-analyticity of the
extended family . [ |

So the most significative part of the f-flattening theorem ?? may be reformulate in
the following way

Theorem 2.3.4 (f-flattening, second version) Let M and S be reduced ir-
reducible complex spaces and (Xs)ses\ be an f-analytic family of cycles in M
parametrized by S\ X, where Y is a closed analytic subset with no interior points
in S. Assume that the support of the graph of this family is the restriction to
(S\X) x M of an irreducible analytic subset X of S x M which is quasi-proper
over S. Then the following conditions are equivalent :

1. The quasi-proper map p: X — S admits local f-flattenings along > ;
The quasi-proper map p: X — S admits a global f-flattening along X ;

The family (Xs)ses\s of n—cycles of M is f-meromorphic along .

The classifying map ! : S\X — C{(M) of the family (X;)ses\s is properly
extendable along ..

5. There exists a proper (holomorphic) modification T : S — S with center
contained in ¥ and a f-analytic family (X5z) of n—cyclesin M extending
the given f-analytic family on S\ X.

5e8

Now using the reparametrization theorem for a global f-flattening of the map f we
find a canonical modification 7:5 — S where S is simply the closure of the
graphe of the map ¢/ in S xCJ/(M) endowed with a structure of a weakly normal
complex space, thanks to the semi-proper direct image theorem of D. Mathieu (used
in a Banach analytic setting, see [M.00] or the appendix).

Definition 2.3.5 The geometrically f-flat map f . M — S obtained in this way,
where M s the strict transform by 7 of M, will be called the canonical f-
flattening of f.

We let the reader give the obvious universal property of the canonical f-flattening.

13



Proposition 2.3.6 Let f: M — S be a strongly quasi-proper holomorphic map
between reduced and irreducible complexr spaces. Let T : S = S bea proper
modification of S such that the strict transform f : M — S is geometrically
f-flat. Then for any s € S we have

where p: M — M s the projection.

This proposition shows that in a strongly quasi-proper map the limits of generic
fibers in the sense of the topology of CI(M)) fill up the big fibers.

PrROOF. Let |G| be the graph of the f-analytic family (Xz);.g extending the
analytic family of fibers of S on S\ ¥. Then the holomorphic map 7 X idy; :
|G| — M is proper so for each s € S the image of f~!(77'(s)) which is equal to
Urs p(f71(5)) is a closed analytic subset in f~(s).

If (s,z) € f~!(s) is not in this subset, the point € M has an open neighbourhood
V' which does not meet X, for any s € S\ X. But then an irreducible component
of M containing a non empty open set in V' does not meet Xy for any s’ € S\ X
for s’ near enough to s. As M is irreducible, this is impossible. [

REMARK. Let S be acompact topological space and let (X)ses be a continuous
family of n—cycles in a reduced complex space M. Then the projection of the set-
theoretic graph p: |G| — M of the family is proper on M. The part i) of the first
version of the flattening theorem ?7?. gives always a proper topological modification;
so we may conclude that the union of limits of generic fibers, in the sense of the
topology of C!¢(M), in a big fiber is a closed set which is a union of closed analytic
n—dimensional subsets. Now the same argument as in the proof above shows that,
assuming again that M is irreducible, the big fibers are filled up by limits in the
topology of C!¢(M), of generic fibers

But notice that we have more limits for this topology than for the topology of
CJ(M). And the assertion would not be true with this topology even if we assume
f quasi-proper because in this case the quasi-properness of f is not enough, in
general, to show that the closure of the graph of the family of generic fibers is proper
on S.

3 Quasi-proper meromorphic quotients.

3.1 Quasi-proper analytic equivalence relations.

Let now X be an irreducible complex space and R C X x X an analytic subset
which is the graph of an equivalence relation denoted by K.

14



Definition 3.1.1 We shall say that R is a quasi-proper (resp. strongly
quasi-proper) analytic equivalence relation on X if the following conditions
hold

i) R has a finite number of irreducible components (R;)ier-
ii) The projection m; : Ry — X (on the first factor) is quasi-proper for each i € I.

iii) All irreducible components of R which surject on X have the same dimension
dim X +n (and are strongly quasi-proper on X ).

In this situation the irreducible components of R which does not surject on X
will be forgotten and we shall denote by Ry their union and by R, the union
of the others components. Using the direct image theorem of Kuhlmann gives the
following facts

1. The projection on X of R, is an analytic set with empty interior.

2. The set in X where the dimension of 7~ '(z) is > n is an analytic set in
X with no interior point.

NoTATION. We shall denote by X the analytic subset in X which is the union of
the non normal points in X, the image of Rs in X and the set in X where the
dimension of 771(x) is > n. It has no interior point in X, and the holomorphic
map

TR\ 7 HZ) — X\

is a quasi-proper surjective n—equidimensional holomorphic map on a normal com-
plex space. So we have an f-analytic family of n—cycles in X associated to its
fibers and so a classifying map

0: X\ X = ClHX)
for this family.

Definition 3.1.2 In the situation describe above we shall say that a meromorphic
map

qg: X --+Q

is a quasi-proper meromorphic quotient (resp. strongly quasi-proper mero-
morphic quotient) for the equivalence relation R when there exists a proper
modification T : X — X with center contained in ¥ and a holomorphic map
G: X — Q inducing the meromorphic map q (note that this implies that q s
holomorphic on X \ ¥) such that the following conditions are satisfied :

i) For z,y € X\ X we have xRy if and only if q(z) = q(y).

ii) The map ¢ 1is quasi-proper (resp. strongly quasi-proper) and surjective.
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When R s strongly quasi-proper on X we shall say that the meromorphic map
q: X --+» @Q is the universal meromorphic quotient when the corresponding
holomorphic map G : X — Q is the universal reparametrization of the family of
fibers of the canonical f-flattening of the strongly quasi-proper map p; : Ry — X.

REMARKS.

1. It is easy to see that if any strongly quasi-proper quotient exists, then the uni-
versal meromorphic quotient also exists and they are meromorphically equiv-
alent.

2. For a given quasi-meromorphic quotient ¢ : X --» @ the fact that af-
ter some proper modification the map ¢ becomes strongly quasi-proper is
independant of the choice of the modification 7: X — X on which ¢ ex-
tends holomorphically because this property only depends on generic fibers of
q: X\ — CH(M).

3.2 Existence of a meromorphic quotient.

Our main result is the following theorem.

Theorem 3.2.1 Let X be a reduced irreductible complex space and R be a
strongly quasi-proper analytic equivalence relation, so satisfying the following condi-
tion :

e Fach irreducible component of the graph R of R which surjects on X s
strongly quasi-proper on X (or admits a geometric f-flattening on X ). (@)

Then R admits a universal strongly quasi-proper meromorphic quotient. The set
Q is the weak normalisation of the image in C!(X) of the closure in X x C/(X)
of the graph of the map ¢’ : X\ ¥ — C/(X) classifying the f-analytic family whose
graph is Ry N (X \ X) x X).

CoMMENT. With our method we cannot prove the existence of a quasi-proper
meromorphic quotient in the case of a quasi-proper equivalence relation R which
does not satisfy the condition (@). This comes from the fact that the generalization
given in [M.00] of Kuhlmann’s theorem may be used only in the case of the classifying
map of a f-analytic family; in the case of a semi-proper "holomorphic” map of a finite
dimensional complex space with values in C/(X) we can use banach analytic sets
to determine (locally) finite type cycles (see the appendix); but this does not seem
possible for the analoguous case with values in C'*¢(X) : for the topology of Cl¢(X)
cycles near a given cycle cannot be determined by a finite number of (adapted) scales.
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PROOF. Consider the modification 7: X — X given by the f-flattening theorem
applied to the quasi-proper map R, — X which admits a f-geometric flattening by
assumption. Now the strict transform R of R, via 7 has a geometrically f-flat
projection on X. So we get a classifying map

o' X — ¢l (X).

Now the point is to prove that this map is semi-proper.

Let Cy € C/(X); by definition of the topology of this space, for each open set
W CcC X such that each irreducible components of Cy meets W, the set QW)
of all C' with this property is an open set in CJ(X). Let us show that we have
G(X)NQW) = p(K)NQW), where K = (r7(f(K)) x K)NX with K :=W.
Let C' = @/ (y) bein Q(W) for some y € X. Then 7(y) is the limit of a sequence
of points (z,),en in X\X. So @¢/(z,) convergesto C. For v large enough @/(x,)
liesin Q(W). This means that the equivalence class of z, which is |p/(x,)| meets
W. Then, for v large enough, there exists a point 2/, € W such @/ (2)) = ¢/ (z,).
Consider now the sequence (2/),>,, asasequence in 77 *(1W). We may, up to pass
to a subsequence, assume that it converges to a point z € 7-1(W). By continuity
of @/ we shall have @/(z) = ¢f(y) and by construction, z isin K.

So the semi-properness of @/ is proved, and the "reparametrization theorem” of
[M.00] (see also [B.08] or the Appendix) may be applied to /. Then it gives a
weakly normal f-meromorphic quotient for R in the sense of the definition 3.1.2,
because our proof applies now to the map ¢ : X — Q where Q is the weak
normalisation of the image of @f; it gives that § is in fact geometrically f-flat. W

3.3 Extension to meromorphic equivalence relations.

Let me give two definitions in order to formulate a simple corollary of the meromor-
phic quotient theorem.

Definition 3.3.1 Let X be a reduced and irreducible complex space. A quasi-
proper meromorphic equivalence relation R™ on X will be a closed analytic
subset R™ C X x X with finitely many irreducible components, such that there
exists a closed analytic subset 'Y C X with no interior point in X with the
following conditions :

i) R:=R"N[(X\Y)x(X\Y)] isthe graph of an equivalence relation R on
X\Y.

ii) We have R=R™ in X x X.

iii) Fach irreducible component of R™ is quasi-proper on X wia the first projec-
tion.

We shall say that R™ is strongly quasi-proper when there exists an integer n
such that the first projection of each irreducible component of R which surjects on
X is strongly quasi-proper with generic fiber of pure dimension n.
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REMARK. If, for a meromorphic equivalence relation on X, the subset R™ is
proper on X via the first projection, we shall say that the meromorphic equivalence
relation R™ is proper. Of course, in this case, the geometric flattening theorem
for compact cycles (see [B.78]) implies that R™ is strongly quasi-proper as soon as
R is generically equidimensional on X.

Definition 3.3.2 In the situation of the previous definition, we shall say that R™
has a quasi-proper (resp. strongly quasi-proper, resp. proper) meromor-
phic quotient when there exists a meromorphic surjective map q: X --+ () whose
graph is quasi-proper (resp. strongly quasi-proper, resp. proper) on @ such that
there exists a dense open set 0 of X \'Y, on which q 1is holomorphic and such
that for x, 2’ in Q we have xRz" if and only if q(x) = q(z’).

Theorem 3.3.3 Let X be a reduced irreductible complex space and R™ be a
strongly quasi-proper (resp. proper) meromorphic equivalence relation on X. Then
R™ admits a strongly quasi-proper (resp. proper) meromorphic quotient.

PrROOF. Define R, as the union of the components of R™ which dominates X
and R, as the union of the other components. Let Z be the projection in X of
X,. It is a closed analytic subset with no interior points. We choose > C X such
that it contains Z. non normal points of X, the set of points x € X such that
the fiber at x of the projection R, — X is >n and also Y. Then we have a
classifying map
o X\ X - Cl(X)

and the closure T/ of its graph in X x C/(X) is proper on X, by the strongly
proper assumption of the projection R, — X. But now for = ¢ ¥ the set ¢(z)
may not be equal to its equivalence class in X \ 'Y, which is equal to ¢(z)N(X\Y).
But for z,2’ ¢ ¥ the equality ¢(x) = g(2’) either implies Ry when the two
fibers of R over x,2’ are equal when cut with X \ Y, or at least one has an
irreducible component contained in Y. So it is enough to delete in X \ ¥ the
analytic subset of x such this happens ; this is a closed analytic subset thanks to

the lemma 3.3.4; then we define the dense open set € C X \ ¥ as its complement.
[ |

Lemma 3.3.4 Let (X,)ses be a f-analytic family of cycles in M and Y C M
a closed analytic subset. The set of s € S such Xs has an irreducible component
contained in Y is a closed analytic subset in S.

ProoOF. This set is clearly closed because a limit of cycles contained in Y is con-
tained in Y. The problem is then local on S. But, thanks to the quasi-properness
on S of the graph of the family, it is enough to consider finitely many scales ; this re-
duces to the analoguous lemma for multiform graphs, so when S = H(U, Sym*(B))
and Y C U x B= M. This case is elementary. [
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REMARK. In the case of a proper meromorphic equivalence relation which has pure
dimensional generic fibers we obtain that there always exists an universal proper
meromorphic quotient. Compare with [C.60].

4 Stein factorization.

The aim of this section is to apply the previous methods to build a Stein’s fac-
torization for strongly quasi-proper map. We shall begin by the geometric f-flat
case.

4.1 The geometric f-flat case.
This paragraph is devoted to prove the following result :

Theorem 4.1.1 Let f: M — S be a geometrically f-flat holomorphic surjective
map between two reduced complex spaces. Assume that M is normal and denote
n = dimM — dim S. Then there exists a geometrically f-flat holomorphic map
g: M — T on aweakly normal complex space T and a proper and finite surjective
map p: T — S such that f = pog and such that the generic fiber of g is
wrreducible.

We shall begin by some lemmas.

Lemma 4.1.2 Let M be a reduced complex space. The subset Irr,(M) of cycles
in CI(M) which are reduced (all multiplicities are 1) and irreducible is an open
set in CI(M).

Notice that this lemma is false in Cl¢(M).

PrROOF. Let Cy € C/(M) be reduced and irreducible. Choose a smooth point
ro in Cy and an n—scale E := (U, B,j) on M adapted to Cp whose center
C(E) :=j YU x B) contains zy and such that degg(Cy) = 1. Now consider the
open set Q;(E)NQ(C(E)) in C/(M), where Q(FE) is the set of cycles for which
E is adapted and have degree 1 in F, and where Q(W) is the set of cycles such
that each irreducible component meets W . This open set contains Cjy. Now each
cycle C' in this open set is clearly reduced and irreducible. [

NOTATION. For a reduced complex space M denote by redC/ (M) C CI(M) the
subset of reduced cycles of M.

Corollary 4.1.3 Let M be a reduced complex space. The subset redC{(M) of
reduced cycles in CI(M) is open.
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PROOF. Let Cy € redC/(M). Denote by J the finite set of irreducible components
of Cy. Choose for each irreducible component Cg ,j € J, of Cy a smooth point
2/ in C, which belongs to C’g. Choose then, for each j € J, an n—scale E;
adapted to Cj such that 27 € C(E;) and degg,(Co) = 1. Then any cycle C' in
the open set

() (B (s C(E)))

jet

is reduced. [ |

Lemma 4.1.4 Let M be a reduced complex space. The subset > of cycles in
CI(M) which have a non reduced irreducible component (so at least one multiplicity
is > 2)is a closed analytic subset in the following sense : for any f-analytic family
(Xs)ses parametrized by a reduced complex space S, the pull-back ¢ 1(X) is a
closed analytic subset of S, where o is the classifying map o : S — CIH(M) of
the f-analytic family.

Notice again that this lemma is false in C'¢(M).

PROOF. As the complement of ¥ is open, thanks to corollary 4.1.3, ¥ is closed.
We shall now give ”local holomorphic equations” for ¥ in C/(M). Let Cj € X.
Choose for each irreducible component Cg, j € J,of |Cy| asmooth point z; of
|Co| in CJ. Let E;:= (Uj, Bj,i;) bea n—scale adapted to C and whose center
C(E)) :=i;'(U; x B;) contains x;. Put W :=Uje; C(Ej). Let k; = degg,(Co)
and define the open set V in C/(M) as

V= () Qu,(E)) W)

jed
Now consider the map

a:V— ] HT;, Sym™ (B)))

jeJ

which associates to C' € V' the collection of multiform graphs that C' defines
in the adapted scales (E;)jes. Then «a is continuous and injective. Continuity
is obvious form the definition of the topology of CI(M). Injectivity comes from
the fact that for C € V any irreducible component of C meets W. So, if
a(C) = o(C") for C,C" €V wehave CNW =C"NW and hence C = C".
Define J':={j € J / k; > 2}, and for each j € J' let Z; C H(U;,Sym" (B;)) be
the subset of X € H(U;, Sym" (B;)) such that at least one irreducible component
of X N(U; x B;j) is not reduced. Then Z; is a closed banach analytic subset of
H(U;,Sym" (B;)) because it is the zero fiber of the holomorphic map given by the
discriminant

A H(U;, Sym™ (By)) — H(U;, S"%=D(CP)).
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Now it is clear that the subset > NV is the pull-back by « of the closed banach
analytic subset
z:=J (zix [ HU; Sym"(B)))).
jeJ jeN s}
If we have ¢ : S’ — V which is the classifying map of an f-analytic family of
n—cycles in M parametrized by a reduced complex space S’, the map « o is

holomorphic and so the set ¢ 1(X) = (p o) !(Z) is a closed analytic subset in
S’ ]

Lemma 4.1.5 Let M be a reduced complex space and n an integer. Define the
set @ :={(X,Y)eC/(M)xC/(M)/ X <Y}. Then ® is closed and its second
projection on C{(M) is proper finite and surjective.

PrOOF. The closedness of ® is a consequence of the next lemma. The fact that
the second projection is surjective with finite fibers is obvious. So it is enough to
prove that it is a closed map. But this is an easy consequence of the description of
compact sets in C/(M) combined with the next lemma. |

Lemma 4.1.6 Let (X,),en and (Y,),en be two converging sequences in C(M).
If we have X, <Y, for each v>>1 then the limits X and Y satisfy X <Y.

PrOOF. The inclusion |X| C |Y| isclear. Let C' be an irreducible component of
Y. Let y be asmooth point of |Y| in C, andlet E bean n—scale on M whose
center contains y and such that degg(C) = 1. Let k:= degg(Y). For each v > 1
the scale E is adapted to X, and Y, and we have degp(X,) <k = degg(Y,). So
we have deggp(X) < k. Then the irreducible component C' of Y has multiplicity
less than k& in X. [ |

Observe that this lemma is also true for converging sequences in CY¢(M).

Lemma 4.1.7 Let f: M — S be a geometrically f-flat map and let N C M be
a closed analytic subset such N has empty interior in each fiber of f. Then the
restriction f': M\ N — S s again a geometrically f-flat map.

PrROOF. If (Xj)ses is the f-analytic family of fibers of f, then (X \ N)ses is an
analytic family of cycles in M\ N. The only point to see to conclude the proof is to
show that f’ is quasi-proper. For any compact K in S there exists a relatively
compact open set Wy in M such that any irreducible component of any X, for
s € K meets W. Let L:=WNN, and choose a basis of a compact neighbourhood
(A))ven of L. If, for infinitely many v, there exists an irreducible component C,
of a fiber f~1(s,) with s, € K such that C,\ N does not meet A,, up to pass
to a subsequence we may assume that s, converges to a point s € K and that
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C, converges in C/(M) to a non empty cycle C such that |C| < f~1(s) N N.
This contradicts our assumption that N has empty interior in each fiber of f. W

PROOF OF THEOREM 4.1.1. Define ¥ C S as the union of non normal points
in S and of the set of points in S where the fiber f~!(s) is not reduced (it is a
closed analytic subset of S thanks to lemma 4.1.4). Let N be the subset of points
x in M which have multiplicity > 2 in the cycle Xj(,). From ch.IV of [BOOK],
we know that N is a closed analytic subset in M. Let M’ := M\ (N U f~1(X)).
Then each point in M’ is a smooth point of the reduced cycle Xy N AM'. Denote
by C, for z € M’ the irreducible component of f~!(z) containing z. It is
unique, by definition of M’ and we have an f-analytic family of cycles in M,
(Cy)zenr, parametrized by M’ : analyticity is clear from the criterion of analytic
extension for analytic families of cycles because N has empty interior in each cycle
inany X, with s € ¥ (see [BOOK]) ; quasi-properness on M’ comes from the
quasi-properness of [’ proved in lemma 4.1.7. Let

go: M — Cf;(M )
be the classifying map of this family. Then the map f’ X gy takes values in the set
S:={(s,C)eSxCl(M)/C<X,}

and more precisely in py'(S\ ¥) where py : S — C/(M) is the first projection.
Let T' be the image (f’,g0)(M’) and T the closure of the image of M’ in S.
Note that we know, thanks to lemma 4.1.5, that S is closed in S x C/(M). But
as f' is quasi-proper, the map (f’,go) is semi-proper, and using D. Mathieu’s
semi-proper direct image [M.00] (see also the appendix) we obtain that I' has a
natural structure of weakly normal complex space ; then p; : I' — S\ ¥ is a
branched covering. But using again the lemma 4.1.5 we obtain that p, : T — S is
also a branched covering. And now [G.R.58] (or [D.90]) gives a natural structure of
weaky normal complex space on I

The holomorphic map ¢ : M’ — I' C T induced by (f’,go) is locally bounded
along the analytic subset f~!(X)UN in the sense that, locally in S we can embed
[ in S x B where B is a polydisc in an affine space, so we have, by normality
of M, a holomorphic extension ¢: M — T.

It is now an exercice to check that ¢ is geometrically f-flat with irreducible generic
fibers, and satifies f = p; 0 g. So we conclude by putting 7:=T and p:=p,. R

4.2 The strongly quasi-proper case.

Now we shall give the Stein’s factorization theorem for a strongly quasi-proper sur-
jective holomorphic map.

The main problem comes from the hypothesis of normality for M in our theorem
4.1.1. Notice first that this assumption was essential to extend to M the map g
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defined on M’.

The problem comes from the following fact :

e Let v: M — M be the normalisation of a reduced irreductible complex space
M. Let Z C M be an irreducible subset. Then v~Y(Z) may have infinitely
many irreducible components in M. This is shown by the next example.

EXAMPLE. Let M := C? and consider on M the equivalence relation which
identifies (n,z) and (—n,z) for any n € N* and any z € C. The quotient is a
reduced and irreducible complex space of dimension 2 with normal crossing singu-
larities along the curves A, :=¢(D,) where ¢ : M — M is the quotient map and
D, = {(z1,2) € C* | zy =n} for n € N*.

Now let Zy :={(21,22) € C* / z; = z}. Then Z :=q(Z,) is an irreducible curve
in M and ¢ *(Z) =ZU (Upene {(—n,n)}). So the pull-back of the irreducible
curve Z in M has infinitely many irreducible components in M. Of course ¢ is
the normalisation map for M.

The situation is not too bad, thanks to the following simple observation.

Lemma 4.2.1 Let m: M — N be a proper finite and surjective holomorphic map
between irreducible complex spaces. Let Z C N be an wrreducible analytic subset
of dimension d. Then for any compact set K C N meeting Z, the compact set
7Y K) meets any irreducible component of 7 1(Z) which is of dimension d.

PROOF. It is enough to remark that any irreducible component C of 7 1(Z)
which is of dimension d satisfies 7(C') = Z, because the irreduciblity of Z and
the fact that 7(C') is an analytic subset of dimension d. |

In such a situation the union of irreducible components of 77(Z) of dimension d
is a d—cycle of finite type in M. So we have in this way a map

™ CI(N) — CI(M).

The next result gives sufficient conditions on an f-analytic family of n—cycles in N
in order that the corresponding family of n—cycles in M is again f-analytic.

Proposition 4.2.2 Let 7 : M — N be a proper finite and surjective map between
irreducible complex spaces. Let R C N be the ramification set of w, so the
minimal closed analytic subset such that N \ R is normal and w induced a k-
sheeted (unbranched) covering M \ 7 '(R) — N\ R. Let S be a normal complex
space and (Xs)ses be a f-analytic family of n—cycles in N. Assume that the
generic cycle is reduced and that the ramification set R C N has empty interior
in the generic cycle X,. Then there exists a unique f-analytic family (Yy)ses of
n—cycles in M such that we have w.(Yy) = k. Xy for each s € S.
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Observe that, as Y, has pure dimension n, it cannot contain any irreducible
components of dimension < n in 7 (Xj).

PROOF. Let o:=dimS. Let G C S x M be the graph of the f-analytic family.
Define G C S x M as the union of the irreducible components of (idg x v)~}(G)
which have dimension o + n. The main point is to show that G is quasi-proper
on S. As G has only finitely many irreducible components and they all are of
dimension o +n, it is enough to prove this in the case where G is irreducible®. Now
apply the previous lemma to the map 7 :=idg x v and G. It follows that G has
only finitely many irreducible components. Let I" be such a component. We want
to prove that [I' — S is quasi-proper. But if K is a compact in S, there exists
a compact L in M such that any irreducible component of any cycle X, with
s € K meets L. Then, again by the lemma, any irreducible component of a fiber®
of T' over a point in K has to meet the compact set T'N(K xv~*(L)). To conclude,
it is enough to recall that G is the graph of an unique f-analytic family of n—cycles
in M because S is normal. The fact that . (Y,) = k.X, for generic s is then
obvious. The analyticity of the direct image family implies equality for any s € S. B

The following corollary is an easy consequence of the proposition applied to the
normalization map of an irreducible complex space.

Corollary 4.2.3 Let f: M — S be a quasi-proper surjective and equidimensional
holomorphic map of an irreducible complex space M on a normal complex space S.
Then there exists a unique geometrically f-flat map f .M — S such that f = fou,
where v: M — M is the normalization map of M.

Notice that f is geometrically f-flat under the hypothesis of the corollary. Observe
also that the direct image via v of the fibers of f are the fibers of f as v has
generic degree 1.

Theorem 4.2.4 Let f: M — S be a strongly quasi-proper surjective holomorphic
map between two reduced complex spaces. Let n := dim M —dim S and assume

M normal. Then there exist normal complex spaces M and S, holomorphic maps
g:M—S, ¢:5S—S, 7:M— M with the following properties :

i) The holomorphic map g is geometrically f-flat with irreducible generic fibers'.

ii) The map T is a proper modification.
iit) The map g is proper, generically finite and surjective.

w) We have foT =qog.

5Note that quasi-properness of G implies quasi-properness of its irreducible components be-
cause we are in the strongly quasi-proper case. See [B. Mg. 10].

SNote that T' has only pure dimensional fibers over S.

"In the sense that there exists an open dense set where each fiber is irreducible (and reduced).
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ProOF. Consider first a modification 7:S — S with S normal, such that the

strict transform f : M — S is geometrically f-flat. Then let v : M — M be
the normalisation, and apply the corollary 4.2.3 and the theorem 4.1.1 to obtain the
following commutative diagram

where ¢ is geometrically f-flat with irreducible generic fiber, ¢ is proper finite and
surjective, v is the normalization map of M and 7 and 7 are proper modifica-

tions. To conclude define 7:=7ov and §:=7 o 4. [ |

5 Appendix.

The aim of this appendix is to show how the generalization by D. Mathieu [M.00]
of Khulmann’s semi-proper direct image theorem to the case where the target space
is a Banach analytic set has the following consequence :

Theorem 5.0.5 Let S and M be reduced complex spaces, and denote by

¢ S — CH(M) the classifying map of a f-analytic family of n—-cycles in M.
Assume that ¢ is semi-proper. Then ¢(S) has a natural structure of weakly
normal complex space such that the tautological family of n—-cycles parametrized by
©(S) is an f-analytic family of cycles in M.

Of course this result has an easy corollary which is the following property of ”uni-
versal reparametrization ” (see the universal reparametrization theorem of [M.00]).

Corollary 5.0.6 In the situation of the previous theorem, consider an f-analytic
family (Yi)ier of m—cycles in M parametrized by a weakly normal complez space
T such that for any t € T there exists an s € S such that Y; = Xs. Then there
exists an unique holomorphic map

v:T — (S)

such that we have Y, = X, forall t€T.

PROOF OF THE THEOREM. We know that ¢(S) is closed and locally compact.
Let sg € S and choose relatively compact open set W/ CcC W CC M meeting all
irreducible components of Cj := ¢(sy). Cover W by a finite set of adapted scales
E; = (Ui, By, ji),i € I, and let k; := degy, (Cp). Define the open neighbourhood

V= QW) () (Nier s, ()
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and consider the maps

¢ 'V)=V, a:V— H H((_fi,Symki(Bi)), Y i=aoy.

el

Then ¢’ is semi-proper as we know that ¢(S) is locally compact. It is now
easy to check that ¢(S’) is homeomorphic to (S’) by construction, using the
characterization of compact sets in C/(M). Now the semi-proper direct image of
D. Mathieu [M.00] gives a natural weakly normal complex structure on (S’). W

REMARK. Using the proof above it is easy to show that, if we have an f-analytic
family (X,)ses with classifying map ¢ : S — C/(M) and an holomorphic map
g:S — T between reduced complex spaces, such that ¢ x g is semi-proper, then
there exists a natural structure of weakly normal complex space on (¢ x g)(S) such
the projection on T is holomorphic and the projection on C/(M) is the classifying
map of an f-analytic family of cycles in M.
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